Strength and Deformation Characteristics of Plain Concrete Subjected to High Repeated and Sustained Loads by Awad, Mohamed E.
UI LU-ENG-71-2006 :f.3?c:L J 
C~~NGINEERING STUDIES 
STRUCTURAL RESEARCH SERIES NO. 372 
STRENGTH AND DEFORMATION 
CHARACTERISTICS OF PLAIN CONCRETE 
SU B J E C TED TO H I G H REP EAT E D AN D 
SUSTAINED lOADS 
Mstz R 
:B10S C 
Uni-vel 
-Urban", 
by 
Mohamed E. Awad 
and 
:. "':~ :':.J ~:': ::~~:3 3? C) 0~.a Hubert K. Hilsdorf 
~ ~,:-: :":~;: :.~ :;..:.,,:?: I·~:p~"rtment 
~.:;' c:i' IJ.lin8is 
llinois 6l80~ 
A Report on a Research Project 
Sponsored By 
THE NATIONAL SCIENCE FOUNDATION 
Research Grant No. GK-1S0S 
UNIVERSITY OF ILLINOIS 
URBANA, ILLINOIS 
FEBRUARY 1971 

Strength and Deformation Characteristics 
of Plain Concrete Subjected to 
High Repeated and Sustained Loads 
by 
Mohamed E. Awad 
and 
Hubert K. Hi 1sdorf 
UILU-ENG-71-2006 
.- ...... -:",., 
" ' 
,.' .'. .. ,~~ ~: -a~·:::.r~:~G.(~·~~.··~ 
HIO S c:. =.:.~" ::':, ___ 1.~:_ ~':,"~, .• :.. :': ~ 
University of '11 inois 
Urbana, Illinois 
Feb r u a ry 19 71 
UniY8rsi t;;- of Illi.riois 
lJ~"banap. Illinois 61801 

STRENGTH AND DEFORMATION CHARACTERISTICS 
OF PLAIN CONCRETE 
SUBJECTED TO 
HIGH REPEATED AND SUSTAINED LOADS 
ABSTRACT 
The investigation was concerned with the response of plain concrete 
when subjected to repeated or sustained high compressive loads. The objectiv~s 
were! (1) to study the strength and deformation characteristics of concrete 
under such loading conditions, and (2) to propose an analytical procedure to 
predict concrete behavior under higb repeated loads. 
The first objective was realized through an experimental program. 
Plain concrete prisms (4 ine by 4 in. by 12 in.) were subjected to high repeated 
and sustained loads. Compressive loads were concentrically applied. Strains 
in the longitudinal and lateral directions were recorded throughout the life 
of a specimen. The test program was divided into three phasesc Phase One 
dealt with the effect of maximum stress; stress range and concrete age at 
time of loadingn Phase Two concerned with the effect of speed of testing on 
static and repeated load behaviorc The relationship between the damage, caused 
by high repeated and sustained loads; less than those necessary to cause 
failure, and the remaining load carrying capacity of a specimen, was studied 
in Phase Three. 
To achieve the second objective, two analytical models were for-
mulated o These were based on the cycle and time-dependence of damage and of 
strains of concrete when subjected to high repeated or sustained stresses. For 
a given set of parameters, a damage model was proposed to predict the number 

of cycles required to cause failure~ while a failure strain model was developed 
to predict the tot.al longitu.dinal s-crain accumulated at failurec 
The experimental program shewed that concrete response to high 
repeated loads is very much controlled by the time concrete has to resist 
stresses higher than its sustaine.d load strengthc For a maximum stress higher 
than the sustained load. strength~ a. decrease in the stress range an.d/or the 
stress rate (te.st frequency) significantly increases the lIsustained load" COL.-
tribut.i.on to the. overall behavior 0 The number of cycles to failure are smaller ~ 
and the. exhibi ted strains througbout the loading history and at failure are 
larger', the greater the "sustained load ll effe.ctc Even. if the effect of hydra-
tion during a test is excluded, concrete age at loading appears to have a 
significant effect on behavior of concrete subjected to high loadsc In addition, 
it was shown by experiment, t.hat plain concrete, subjected to high repeated 
and sus-cained loads, undergoes a "hardening" stage manifested by an increase 
in the static. strength over the static strength prior to a sustained or re-
pe.a.te.d load test. Co This "hardening" is dominant during thE: earlier portion of 
rhe life of the specimenr The last portion is characterized by progressive 
crack propagar1.on and a stress decrease until failure. 
In the analytic.al study~ a damage model was developed in which the 
cycle and time-dependent effects are expressed separatelyo The damage model 
wa.s revised succe.ssive.l.y until excellent agreement, between calculated and 
observed failure cycles, wa.s achieve-do Also, an analytical model to determine 
the failure strain model was derived" The total strain was assumed to con-
sist of an init.ial elastic strain, a cycle-dependent and a time-dependent 
strainr The agreement between calculated and observed failure strains ranged 
from poor to satisfactory, but the failure strains, calculated from the 
analytical mcdel ~ gave the. general tendencies which were observed in the experi-
menI.S 0 
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DEFINITIONS AND NOTATION 
Repeated load test in which the maximum stress 
level is above the sustained load strength. 
Locus of limiting stresses and longitudinal 
strains at failureo It describes failure of 
plain concrete subjected to a particular load 
history. 
Rati.o of number of applied cycles to number of 
cycles -which would cause -failure. 
Ratio of the time a specimen is subjected to a 
gi.ven sustained stress to the time required to 
cause failure at the same stress. 
A general term used to refer to both cycle and 
time ratiosc 
An arbitrary stress -above which the time-
dependent damage may develop or cracks propagate 
in plain concrete -subjected to high repeated 
stresses o 
A hypothetical fatigue test in which the loads 
are applie-d at· - an infinitely high speed. 
Thus, the time a specimen has to resist stresses 
higher than i.ts sustained st"rength is reduced 
to zeroo 
Strength of a specimen loaded monotonically to 
failure, after it has been subjected to cyclic 
or sustained loads, at a life ratio less than 
unityc 
A term used to indicate the rise of the re-
loading strength above the initial static 
strength. The extent of hardening is expressed 
by the magnitude of this strength increase. 
A term used to indicate the fall of the reloading 
strength below the initial static strength. The 
degree of damage is expressed by the magnitude 
of this strength reduction. 
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different phases. 
Cycle-:dependent damage. 
Time-dependent damage .. 
Axial compressive load on test specimen. 
Maximum load in fatigue test. 
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Ultimate load cai'ac.ityof -test specimens. 
Constants related to time-dependent damage. 
Life ratio, (lllu) 
Cycle ratio, (n/n ) 
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max m1.n 
Time ratio, (tit) 
u 
Stress, psi. 
Compressive strength of concrete as determined 
from 6 in. by 12 in. control cylinders, psi. 
Compressive strength of concrete control 
cylinders at an age of 28-days~ 
Compressive strength as determined from 4 in. 
by 4 in. by 12 in. concrete prisms. 
Reloading strength, psi. 
Maximum stress in fatigue test, psi. 
The notations used in this report follow the proposed A.C.l. standard for 
preparation of notation as reported in the Journal of the A.C.l., August, 
1970. 
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xxi 
Minimum stress in fatigue test, psi. 
Sustained stress in sustained load test., psi. 
Stress rate, psi/min. 
Number of applied cycles in·fatigue testo 
Cycles to failure under pure fatigue conditions. 
Number of cycles to failure in a fatigue tes t. 
Logarithmic average of failure cycles of 
several specimens for a given parameter. 
Number of failure cycles as calculated by 
analytical damage models. 
Standard deviationo 
Duration of loading. in sustained load test, 
minutes 0 
Time to failure in sustained load test, minutes 0 
Logarithmic average of time to failure of 
several specimens for a given parameter. 
Total testing time of a specimen subjected to 
repeated loadso 
R?tio of cyclic to time~dependent damage in. low 
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xxii 
Lateral strain. 
Lateral strain at failure. 
Longitudinal strain. 
Initial longitudinal strain to mark the maximum 
stress level. 
Longitudinal strain accumulated at a certain 
life ration in addition to s~l 
Cycle-dependent longitudinal strain. 
Time-dependent longitudinal strain. 
Time-dependent failure strain-under sustained 
load. 
Longitudinal strain at failure. 
Longitudinal strain at failure as calculated 
from an analytical model. 
Longitudinal strain at failure for pure fatigue. 
Volumetric strain, s = s -2s 
v ~ h 
Volumetric strain at failure. 
Life ratio below which the reloading strength 
is larger than the initial static strength. 
Poisson's ratio. 
Poisson's ratio at failure. 
Stress level, 0 = flf 
cup 
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xxiii 
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of static strength, a =·fs/f 
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Threshold stress level, ash 
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sus 
= f If 
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= f 
cup 
Additional notations are defined in the text. 
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10 INTRODUCTION 
101 The Problem 
Under extreme conditions reinforced concrete structures may be 
exposed to a small number of high overloads approaching the ultimate load 
carrying capacity of a member. Such conditions may arise during earthquakes, 
high winds or bIas ts. They are also of significance for young concrete 
structures which may have to sustain heavy construction loads, and for the 
application of limit analysis to the design of reinforced concrete struc-
tureso However, little information on the behavior of concrete subjected 
to repetitions of high stresses, often referred to as low cycle fati-gue, 
is available in the literaturec 
The problem in predicting and €.valuating low cycle fatigue behavior 
of concrete lies in t.he fact that the repeatedly applied stresses may be 
larger than the sustained load strength (static fatigue strength) of the 
concrete. Thus, the period of time during which concrete has to resist 
stresses larger than the sustained load strength is significante Then, 
concrete response may be both cycle and time dependent and the frequency 
at which the repeated loads are applied may become a major parameter. 
102 Objective 
The objective of this study was to investigate strength and defor-
mation characteristics of plain concrete subjected to repeatedly applied 
high compressive stressese The maximum stress, the difference between 
2 
maximum and minimum stress (stress range) and the rate of stress were the 
major parameters. Particular emphasis was placed upon studies of the role 
of time under load on the low cycle fatigue behavior of concrete. Analytical 
models and procedures were developed to predict concrete response under such 
loading conditions. 
1.3 Scope 
The experimental part of this investigation is subdivided into 
three phases which are described briefly in the following. 
1.3.1 Phase One: Effect of Maximum Stress, Stress Range and Age 
at Loading on Behavior of Plain Concrete Subjected to High 
Loads 
To investigate the behavior of plain concrete under various stresses, 
several series of prismatic specimens 4 in. by 4 in. by 12 in. were tested 
in axial, concentric compression. A total of 133 specimens were subjected 
to high sustained or repeated stresses. In the sustained load studies, the 
level of the sustained stress and the age of concrete at load application 
were the controlled parameters. The maximum stress level, the range of 
stress and the age at loading were the parameters for the repeated loading 
tests. All repeated loads were applied at a constant stress rate. The 
strength tests were complemented by careful measurements of concrete defor-
mations in both the longitudinal and lateral directions. 
1.3.2 Phase Two: Effect of Speed of Testing on Response of 
Plain Concrete to Static and High Repeated Loads 
Specimens were tested to study the effect of rate of loading on 
the short-time strength and deformation characteristics of concrete. The 
3 
-7 5 3 loads were applied at strain rates of 10 " 10- , and 10- in/in/sec, respec-
tively, Specimens were used to investigate the effect of stress rate (fre-
quency of testing) on concrete response to high repeated loads. The two 
stress rates chosen for this study were 600 and 60,000 pSi/min, to supple-
ment the stress rate of 6,000 psi/min which was used in Phase Oneo 
1.303 Phase Three: Effect of High Repeated and Sustained Loads 
on Subsequent Static Strength 
To study the relationship between the damage caused by high 
sustained and repeated overloads and the remaining load carrying capacity, 
a total of 66 specimens were loaded to a predetermined percentage of their 
lives under sustained and repeated loads~ Then the compressive strength, 
hereafter re.ferred to as reloading strength, was determined and compared 
with the strength of the specimens which had been loaded to failure monotoni-
cally without a previous load historYe One level of sustained stress and 
two levels of repeatedly applied stresses were choseno The age of concrete 
at testing was 28 daW's, Longitudinal and lateral strains were recorded. 
In all phases of this investigation only one type of concrete and 
one type of specimen were used. For each parameter in Phase One and Phase 
Two from three to six specimens were tested to ascertain a statistically 
reliable answer" In Phase Three six to ten specimens were tested for each 
parameterc 
In addition to longitudinal and lateral strains, also Poisson's 
Ratio, volumetric strain, and the difference in strain at maximum and 
minimum load, for a given cycle, were recorded in most cases. 
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2. REVIEW OF PERTINENT LITERATURE 
In the following, the available research pertinent to this 
investigation will be summarized. Particular emphasis will be placed on 
the behavior of concrete subjected to various types of loading such as 
monotonically - increasing loads, repeated and sustained loads and on 
the role of time on the response of concrete to'such loads. 
2.1 Effect of Rate of Loading on Concrete Response to Static Loads 
It has been shown that the rate of applied stress or strain 
affects the short-time compressive strength of plain concrete significantly. 
A summary of the current specifications and data from various sources has 
* 1 been given by McHenry and Shidler [23]. For stress rates between 10- and 
10-4 psi/sec there is an approximately linear relationship between the 
strength and the logarithm of the speed of testing [16J. An increase of 
the stress rate by one order of magnitude results in a strength increase 
of about 3 to 5 percent. Further increase of the stress rate causes a more 
substantial gain of strength. For a stress rate of 10 7 psi/sec the com-
pressive strength of concrete is approximately 1.8 times the strength at 
a stress rate of 30 psi/sec [45]. The data reported by Evans [lOJ do not 
substantiate this trend and indicate no change in strength as the rate of 
3 loading is changed through a range of 1 to 10 psi/sec. Similar effects 
were found for the effect of rate of straining. Abrams [1] determined the 
compressive strength of 6 in by 12 in cylinders using rates of 8.3 x 10-6 
* Numbers in [ J refer to the corresponding entries in List of References. 
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ra 2.1 x 10 ' in/in/secc Watstein [6.5] compared the strength of concrete 
tested at ver~y rapid strain rates with the strength obtained at an extremely 
slow rate of 1 x 10-6 in/in/s€:c. Abrams reported' an increase of 8 percent 
in static strength when the strain rate was varied from 6095 x 10-5 to 104 x 
10- 5 , '. I In/~n, sec. o Wats~ei!l reports a considerabl.y smaller change in strength 
in the range of slower rates than was indicated by Abrams 6 
The rate of stress or strain-also influences the shape of the 
stress-strain curve, of concrete, Concrete deformations at a given stress 
increase with decr~asing rate of stress or strain and the slope of the 
desc~nding portion of the stress-strain relationship increases with decreasing 
strain rateso 
2.2 Concrete Response to Repeated Loads (Fatigue) 
A detailed review of previous investigations is given by Murdock [22] 
and Raithby, €,t al <, [29 J e In the following, only the most important findings 
are, summarizedc 
It is generally agreed upon that plain concrete loaded in compres-
sian or flexure does nor exhibit a fatigue limit up to 10 millions of load 
rep~titions" A decrease in the range of stress, ioe" the difference b~tween 
maximum and minimu.m stress, as well as of the applied maximum stress results 
in an increase of the fatigue life of plain concrete. The effect of mix 
proportions~ static strength, stress distribution or direction of stress 
(tension or compression) can be taken into acccunt by expressing the fatigue 
strength of a specimen as a frac.tion of the static strength of a similarly 
loaded companion specimen. 
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The influence of age at loading has been studied little in the 
past, but Kesler and Siess [19] stated that for fatigue testing the speci-
men should be at least three months old prior to loading, in order to 
eliminate the influence of continued hydration during the fatigue test. 
Kesler concluded that variations of the speed of testing between 70, 230 
and 440 cycles per minute had no significant influence on fatigue perfor-
mance of flexural specimens. Little has been done to investigate the 
effect of frequency on concrete when subjected to repeated compressive 
loads. Assimacopoulos, et al., [2] conducted tests on 2 in by 4 in 
cylinders at speeds of 500 and 9000 cycles per minute. No effect of rate 
of loading was observed but he stated that the number of tests were too 
small to arrive at final conclusions. Tests of specimens which did not 
6 fail before 4 x 10 cycles were terminated. 
In most fatigue tests reported in the literature the loads al-
ternated between a minimum and a maximum value which was held constant 
within a test. More realistic load histories were, however, investigated 
by Hilsdorf and Kesler [14] who studied the effect of periodic rests in 
between periods of cyclic loading. These tests showed that rest periods 
up to 5 minutes, which were introduced after every 4500 cycles of con-
tinuous cyclic loading, increased the fatigue strength of concrete subjected 
to flexure stresses; but that periods longer than 5 minutes had no additional 
beneficial effects. In addition, they also conducted fatigue tests in which 
the minimum and maximum stresses were varied within a test. They evaluated 
their data on the basis of various cumulative damage theories which are 
described in section 2.6 of this report and concluded that the Miner 
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hypc~hesls 21 linear cumulative damage can give either conservative or un-
ccnserv~tlve estlmates of the fatigue strength of specimens subjected to 
rarylng stresses depending on the sequence of loading and the applied 
max:imuffi st!ess level. Frem theiI experimental data they derived vlrtual 
s"Cre.8s-cyci.e relatlonships whl,::h can be used to predic.t the fatigue life 
of concrere under va:Cylng stresses using the linear Miner rule. 
Hilsdor.i and Kesler [14] in their work on cumulative damage in 
beam spe::..imens concluded that fc."~lgue beha.vior at concrete loaded in 
Li .. eXu.te c0ulu be explained irL terms at c.umula.i:ive straln, and that failure 
oc:urs as soon as "[he Lctal SI.taln reaches a limiting value. They also 
1orwd..~ded a l6.ilure ccncept "(0 explain qualitatively -:he results of their 
eXpE.:.clmeTi.i:8.~ lnvesLlgaLl0n. The :,:·G.e strength cr c.onccer:e varies through-
out: a. iaLlgue test. It may increase during the initial stages of the 
test 2nd decrease as 1aliure ~ppr0aches. 
2,3 COnC[eLe Response 'Co Hlgh RepeaLed Loads (Low Cycle Fatigue) 
The lnves tlga.Licns :::e"vlewed in section 2.2 mainly dealt with the 
fCiLlgue behavio.c or. concre'Ce under: comparatively low stresses causing 
.rallure a.fLer mere than 1000 cycles. In the following, studies of concrete 
subJec:ed "cc a. small number of high overloads will be reviewed. 
Slnha., Gerstle and Tulin [40] conducted one of the first· investi-
gations of streng~h and deformation characteristics of concrete subjected 
'[0 high c.0mp..:esslve stresses in the range of low cycle fatigue. They con-
cluded tha.t the behavi.:n of concrete subjected to repeatedly applied high 
stresses can be pzedlcred using the static stress-strain relationships as 
8 
a unique failure envelope. For a given maximum stress, the specimen will 
fail as soon as its strain reaches the value given by the descending portion 
of the static stress-strain curve at this stress. A load cycle will cause 
incremental strains only if a critical stress, corresponding to the inter-
section of the loading and unloading stress-strain curve of the fatigue 
test, is exceeded. This point is referred to as the shakedown limit. For 
stresses below this point the strains follow a closed loop without further 
development of permanent strains. It is shown also that the shakedown limit 
is a function of the stress amplitude; for a given maximum stress the shake-
down stresses increases with a reduction of the stress range. Analytical 
relations were developed for the envelope curve, and for the unloading and 
reloading stress-strain curves during a fatigue test. 
Karsan, . I17]·~ confirmed the exis-tence' of· a unique envelope 
curve for plain concrete which coincides with the static stress-strain re-
lationship. In contrast to Sinha's findings [40], Karsan states that the 
shakedown limit is primarily dependent on the maximum stress,but that it 
is independent of the minimum stress. In view of the wide scatter, the 
shakedown limit is defined as a range, with upper and lower limits. For 
higher maximum stresses the shakedown, i.e., the intersection between the 
loading and unloading stress-strain curve, approaches the upper limit. 
As long as the shakedown exceeds the lower shakedown limit, strains will 
accumulate until failure occurs. If the strains at maximum stress are be-
low the lower shakedown limit, strains will accumulate only until the lower 
shakedown limit is reached. Then the strains will stabilize and will follow, 
in subsequent cycles, a closed hysteresis. loop. Karsan developed analytical 
9 
expressions fer the envelope curve, the upper and lower shakedown limits, 
and ~he loadlng and unioading curves which compare well with his experi-
mental data" 
1~ should be pointed out that neither Sinha, etal., [40], nor 
Karsan [17J included the ertect of stress rate or time under load in their 
experlmental studies: Since the static stress-strain relationship of con-
crete. is not unique but a function of the st'ress or strain rate, it is un-
likely that one pa:['~icular envelope is v21id to describe the behavior of 
concrete subjected LO vaIlOUS stress histories in the range of low cycle 
fatiguec 
Shah and Winter [39] reported that concrete subjected to five 
cycles of & maximum s'Cress cf 83 to 88 percent of the static ultimate 
strength" did nor. afIec.t the subsequent static. strength of the specimens. 
When the maximum sr.ress was lncreased to 95 to 100 percent, seven of the 
eleven specimens tested tailed before reaching the fifth cycle. Thus, it 
was concluded that the load capacity of the concrete decreased with every 
Cy::.l.6 (, Specimens which did not fail afte'r five cycles at a maximum load of 90 
to 100 percent showed either a decrease or an increase in their static 
strength v 11:. has been observed that the differenc.e between the strain at 
{he maximum a.nd minimum load levels 0:[ one cyc.le gave an indication of the 
lntegrlty of concreteD 
2~4 Concrete Response to High Sustained Loads 
Sustained stresses which are high enough to cause failure under 
a certain duration or: loading c.an be considered a limiting case of low 
CYClE fatigue in which the load range approaches zero. 
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Sell [36] studied the influence of sustained loading on the 
strength and deformation of concrete. His tests showed that the compres-
sive stress concrete can sustain indefinitely may be up to 30 percent 
lower than the short-time strength. Particularly, young concrete con-
tinues to hydrate while under load; the resulting strength increase may 
partially offset or exceed the damaging effect of the sustained stress. 
The extent of hydration ?ccurring while the,specimen is under load de-
pends on concrete age at the time of load application. Sell states that 
the effect of continued hydration and thus of concrete age at the time of 
load application can be taken into account if sustained stress is expressed 
as a fraction of the short time strength of a companion specimen at the 
time of failure of the sustained load specimen. He reported that under 
sustained loads, failure can occur only within a certain time'period, the 
"critical period" which is shorter the younger the concrete at loading or 
the faster the strength "gain, due:to continued hydration, during ,the ' 
sustained load test. Depending on the age of ~oncrete at loading,the failure 
strains can amount to two to four times the value of the short-time dura-
tions~ R~sch [35] showed that the sustained load strength of a concrete 
which is almost completely hydrated prior to loading, may be as low as 70 
percent of its static strength at the time of application of the sustained 
load o Because of continued hydration under load~the sustained load strength, 
expressed as a fraction of the strength at the time of load application, 
is higher for young concrete than it is for old concrete. Rusch assumed 
that the effect of concrete age at the time of load application is only due 
to continued hydration under load. Based upon this assumption he formulated 
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a relation to predict the sustained load strength of concrete for various 
ages of concre~e at the time of load application. In this relationship 
r.:.he effect of continued hydration as well as the influence of load eccen-
tricity are incorporated. 
2.5 The Failu:ce Mechanism of Concrete 
2.5.1 Static Loads 
In ~ecent years considerable interest has centered on the mechanism 
or failaye CI concrete. lOaded in compression, which has been shown to be 
clcsely relaced to the development of small cracks, mainly in a direction 
parallel to ~he applied compressive stress, commencing well below the ultimate 
It is well established ~hat cracks initiate at tensile stress concen-
tra~ions arlsing from the heterogenous nature of the material, in which 
pa:rticles OT aggregate are embedded in a matrix which is usually less stiff, 
and whlch ccnt.6.1nS ilaws and voids. 
Stu~man, Sh~h and Wirtter [41] showed that tensile stresses are 
present. aL ~he mortar-aggregate interface prior to loading because of 
volume ch~nges or t.he matrix caused by moisture loss. These stresses may 
resu:l.'C in bond cracks in conc.rete prior to loading. Under load, these 
cracks propaga'\:e or additional cracks are formed. Bond cracks between 
aggregate and the matrix begin to propagate noticeably at compressive 
stresses of approximately one-third of the ultimate load strength. At this 
le-ie~ t:he stress-st:cain c.u'rve starts ~o deviate noticeably from a straight 
line 0 At about 70 to 90 percen~ of the ultimate strength, cracks start to 
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propagate through mortar and bridge between bond cracks to form a continuous 
crack pattern which eventually leads to failure of the specimen. 
Aiso "diffet'·ertt--~ap.proaches "have beenr'employed- tb· study crack-" 
initiation and propagation and their effect upon the behavior of plain con-
crete under load. Simplified models have been used to show the local stress 
distribution in hetetbgetiel:5li1smaterials subjected to compressive stresses. 
Shah and Winter [38] studied the properties of the mortar-aggregate 
interface and concluded that the interfacial surfaces are first to fail, and 
bond cracks form when the unconfined bond strength of the interface is ex-
ceeded. Thereafte~ the interface carries its share of the load through 
friction. Using the Coulomb-Hohr theory they estimated the load at which 
bond cracking occurs and stated that it compares well with their experimental 
data. They further estimated the load at which cracks propagate in the 
mortar e In their paper, Shah and Winter [38], considered concrete to con-
sist of small units composed of aggregate particles which are surrounded 
by mortar. Assuming a statistical strength distribution of these units 
they developed an expression for the stress-strain relation of concrete up 
to the maximum stress and through the descending portion. Glucklich [11] 
used fracture mechanics concepts to predict crack propagation in concrete 
subjected to compression. This approach will be discussed in more detail 
by Diaz [7]~ 
Crack propagation in plain concrete was investigated employing 
various experimental techniques. Sturman, et al., [41], obtained slices 
from previously loaded concrete specimens and observed microcracks under 
a microscope after dying the cut sections. This technique has been used by 
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several other investigatiars [37,38]. An increase in volumetric strain of 
the concrete, increase of the attenuation, and reduction of the velocity of 
an ultrasonic pulse traveling through the concrete or measurements of acoustic 
emission also were accepted as indirect indications of microcracking in con-
crete subjected to static loads [33,34]. 
2.5.2 Repeated and Sustained Loads 
Already in 1907 Van Ornum [42] noted that the stress-strain curve 
of concrete subjected to repeatedly applied axial compression is initially 
'convex upwards, straightens afte.r a few repetitions of load and finally be-
comes concave upwards and s-shaped as failure approaches. Many investiga-
tors confirmed these tendencies and concluded that the change in shape of the 
stress-strain diagram under repeated loads is an indication of the gradual 
disintegration of concrete. 
Ruetz [33] and Rusch [34] measured the intensity of noises emitted 
by concrete subjected to sustained compression and hypothesized that such 
noises are generated when cracks propagate. This technique is referred to 
as acoustic emission and is a generally accepted non-destructive testing 
technique. It was observed that after the initial load application the 
intensity of crack noises decreased but increased rapidly with approaching 
failure. Thus, a clear indication of the progressive nature of failure of 
concrete under sustained stresses :was established. 
Bennet and Raju [4] tested plain concrete prisms, to study the 
nature of fatigue damage under unidirectional compressive stresses. Crack 
initiation and propagation were examined microscopically and an analysis 
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of crack length distribution was conducted. Distinction was made between 
bond, matrix, and aggregate cracks. Bennet, et al., concluded that under 
fatigue loads a more extensive system of cracks develops than that which 
was observed in static tests, and that the progressive changes in the 
modulus of elasticity and the ultrasonic pulse velocity provided an in-
direct measure of the extent of damage caused by repeated compressive 
stresses. They attributed the marginal increase in the static strength, 
which was observed during a fatigue test, to the temperature rise due to 
the energy dissipation and the loss of gel moisture. They also stated that 
in fatigue at low stresses, the elastic strain, i.e., the strain which was 
recovered on removal of the load, increases continuously with increasi?g 
number of cycles. 
Based upon this observation, Bennet, et.al., formulated a rela-
tionship between fatigue damage and the secant modulus to 'predict the re-
maining life of concrete at any stage. 
Raju [30] used an ultrasonic pulse velocity technique to study 
microcracks in high strength concrete subjected to static and repeated com-
pressive stresses. In the repeated load tests prismatic specimens were 
subjected to different maximum stress levels ranging from 53 to 85 percent 
of the static ultImate strength and a constant minimum stress level of 
3 to 5 percent. The progressive nature of the failure of concrete under 
repeated loads was confirmed by the observations that in fatigue tests, 
leading to failure, the pulse velocity decreased continuously with in-
creasing number of cycles. Raju gave an empirical relation to predict the 
fatigue life of a partially fatigued specimen from measurements of pulse 
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-'\I~elocit:y. However, for this procedure, the initial pulse velocity prior 
~o loading has to be known 0 
Shah and Chandxa [37] studied the fracture of concrete under 
.:yclic and sustained loading by microscopic observation of the concrete, 
and found progressive micrccracking similar to the cracking process ob-
served in static tests. They suggested two stages of crack propagation 
occurrlng under cyclic or sustained stresses. During the first stage 
la1:e'Ia~ ~nd volume-cric s'Crains inc.rease at a constant rate. During the 
sEcond stage both the lateral and volumetric strains increase at an in-
:reaslng rate until failu!'e occurs. If a specimen is loaded to failure 
before it reaches 1:he second stage its strength may be up to 15 percent 
lGrger than tha~ of an unloaded companion specimen. Therefore, Shah and 
Chandra hypcthesized 'Chat during sustained loading, a consolidation of the 
paste a':.::urs. Its strengthening may offset the damaging effect 'of the load. 
Thls :review of available experimental data clearly indicates that 
failure of concrete under sustained or repeated compressive stresses is 
caused by a gradual process of microcracking similar to the behavior under 
static lDad, However, the extent of cracking at fa~lure maybe larger than 
observed under static loading conditions. The effect of micro cracking may 
be pa.rtlc..lly offset by s:Jme "hardening" which expresses itself in an in-
c£ease of the static strength during the early stages of repeated or sustained 
load tests. The mechanism leading to this strength increase or the parameters 
controlling it a're not clearly understood. Also, the mechanisms by which 
microcracks continue to propagate under cyclic or sustained stresses are 
still unknown~ however, continued redistribution of stresses, creep, and 
stress corrosion have been suggested as possible reasons. 
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2.6 Cumulative Damage Analysis 
Actual structural members may be subjected to a wide spectrum 
of repeated loads varying in magnitude, range and frequency. In contrast 
to this, most laboratory experiments.on the fatigue behavior of materials 
are highly simplified and stresses varying between fixed limits are applied 
at a constant frequency until failure occurs. Thus, the problem arises 
to estimate the behavior of actual structures under realistic loading 
conditions from simplified laboratory experiments. For this, procedures 
have been developed by which fatigue damage caused by a certain number and 
type of repeated loads can be estimated. The damage caused by various 
portions of the entire load spectrum are added and failure will occur if 
the summation of all damage increments exceeds a limiting value. Therefore, 
such procedures are referred to as cumulative fatigue damage methods. The 
available information on cumulative· fatigue damage procedures for concrete 
is scarce and has been reported already in section 2.2. However, extensive 
studies have been conducted to describe the behavior of metals under varying 
repeated loads. They will be summarized briefly as far as they are per-
tinent to the investigation reported herein. 
One of the major difficulties in a cummulative damage analysis is 
the lack of an experimental method to measure damage or a suitable parameter 
to express damage. For metals, variations in static tensile strength may 
not be a good indication of fatigue damage,since the static tensile strength 
is controlled by the bulk properties of the material whereas fatigue failure 
is controlled by the propagation of a single crack which may not influence 
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the s'Catic tensile streng'Ch. However, this limitation does not necessarily 
apply to concre'Ce where failure, both under static and repeated loads, oc-
curs by a process of microcracking. In the earlier studies on cumulative 
damage,a certain function was assumed which expresses fatigue damage,and 
f~ilure was .s.rbitrarily defined to occur once damage was equal to unity. 
More recently, fracture mechanics concepts were introduced and subcritical 
crack growth was used as a measure of fatigue damage. 
The classical approach in cumulative fatigue damage analysis is 
'Co assume Lhat:in a constant amplitude fatigue test damage accumulates linearly. 
This method is generally known as Miner's Rule [21]. It assumes that at 
any stage of the leading history of a material, the percentage of the life 
used is proportional to the cY21e ratio at that loading condi'Cion. Failure 
o.:;cu~cs if 'Che summar.:ion of all cycle ratios is equal to unity, i. e. , 
I: n = loO~ where n is the number of cycles at a stress level 0, and n is 
n u 
u 
'Che fa'Cigue lite of a specimen tested at that same stress level. The results 
of several investiga'cions, however, have shown that this method is not always 
accurar:e and may give unconservative estimates [14,20,9]. With more data 
available for comparison [6,25], several new hypotheses have been proposed. 
These consist either of modifications of the linear hypothesis and the in-
troducr:ion of non-linear damage accumulation [14,25J or purely empirical 
relations [12]. Cor'Cen and Dolan [5] visualized the damage as a propagation 
of one or several cracks and therefore expressed damage in terms of the 
number of crack nuclei formed and the rate of crack propagation. Therefore, 
'Chey formulated a cumulative fatigue damage hypothesis. in which they ac-:-
counted for a nucleation period which may be required to initiate permanent 
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fatigue damage. During this initial period the applied loads may harden 
rather than damage the material. Wei and Landes [46J considered the rate 
of fatigue crack growth in high strength steels in an aggressive environ-
ment to be composed of two components - a mechanical component, given as 
the rate of fatigue crack growth in an inert environment, and an environ-
mental component, computed from the sustained load crack growth data 
obtained in an identical aggressive environment. Using this approach Wei 
and Landes were able to predict, at least qualitatively, the effect of 
corrosive environments on the fatigue behavior of high strength steels. 
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3. EXPERIMENTAL PROG~M 
3.1 Materials 
3o.L,1 Cement: 
Type l portland cement was used. Typical chemical and physical 
test. dat.a of the cement as supplied by the manufacturer are given .in Table 
(3c 1) , 
3.102 Aggrega"Ces 
The tine aggregate was obtained from the Wabash River near 
Coving-con: Indiana" The coarse aggregate consisted of crushed limestone. 
The particle size disLribution for sand and gravel was determined inac-
.:ardance with Lhe ASTM Specification C136-40. The gradation curves are 
shown in Flg. (3.1). The sand and the gravel had fineness moduli (ASTM 
C125-48) of 2,75 a.nd 7.,4, respectively. The bulk specific gravity and the 
absorp"Cicn capaciLY ror the fine aggregate were 2.60 and 1.6 percent; for 
'[he coarse Cigg"':ega.re they were 2.66 and 1.83 percent, respectively, (ASTM 
C127-42). 
3.2 Mix Proportions 
An atLempt was made "Co keep concrete workability and compressive 
strengr:h of all specimens as unlform as possible. The aggregates were 
predried and enough water was added to obt.ain a slump of 2 to 4 inches 
!'esulting in an average w/c of 0.78 and an average 28-day strength of 
about 4000 psi. The mix proportions of all series of specimens are shown 
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in Table (3.2). The ingredients were mixed for approximately 40 seconds 
dry, and 2 minutes wet in a horizontal cyclo-mixer with a capacity of half a 
cubic yard. 
3.3 Test Specimens 
The batches for Phase One were of sufficient size so that 15 
control cylinders 6 in by 12 in and 12 prisms 4 in by 4 in by 12 in could 
be cast from each batch. For Phase Two and Phase Three only 12 control 
cylinders and 12 prisms were cast from each batch. The prisms were cast 
horizontally in steel forms constructed of steel channels. The forms were 
previously coated with a thin film of oil. The concrete was compacted with 
internal vibrators. The top surface of the cylinders was capped with cement 
paste, while that of the prisms was troweled within a few hours after casting. 
The priBIDs remained in the forms, covered with wet burlap for 24 hours. All 
specimens were then moist cured for a period of 6 days in a fog room at 
75°F and then stored in the laboratory at 75°F and 50% R.H. until tested. 
The cylinder strength of concrete from each batch of Phase One was 
determined after 3, 7, 14, 28, and 90 days from three control cylinders per 
age of testing. For all other phases the 90-days strength was not determined. 
Before testing, the ends of the prisms were ground smooth and flat on a flat 
steel plate using carborundum powder as an abrasive. 
3.4 Instrumentation 
For Phase One and Phase Three a conventional hydraulic testing 
machine with 300 kips capacity, fitted with a load and strain programmer was 
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used. Longitudinal and lateral strains were measured using a clip gauge 
as shown in Flgo (304). For the longitudinal gauge a flexible metal plate 
1 in by 3/8 in by 1/16 in was attached to one end of a U-shaped aluminum 
frame such thCit the metal plate cantilevers from the aluminum frame at a 
righL anglec The me~al plate is the actual strain'sensoring device and the 
moving pa"rt of t:he gauge 0 Two electric resistance gauges, with an active 
length of li8 in and a resistance of 120 ohms were mounted to it. Two 
rixed points ci the gauge consisting of bolts with either a pin pointed or 
a flat end were screwed to the aluminum frame at a distance of 8 in from 
Lhe flexible met:al plate resulting in an active gauge length of 8 in. During 
st:cain measurements fixed points of the aluminum frame, as well as the free 
e.nd Df the cantilevering metal plate, rested on small aluminum gauge points 
which had been glued to the concrete surface as shown in Fig. (3.2). De-
flections of the metal plate which were sensed' by the attached SR-4 gauges 
are a measure of concrete deformations. The relationship between deflection 
and readings from the electric resistance gauges were determined by cali-
bration on a mechanical supermicrometer. The clip gauge, used to measure 
the lateral strains; was similar to the gauge for longittidinal strains but 
WiLh an act:ive gauge length of 3 in. For easier mounting the aluminum frame 
holding the lateral strain gage was fitted into a rectangular cut-out of the 
fra.me for the longitudinal gauge, Fig. (3.3). During mounting, both gauges 
were conn.ected by a pair of set screws which were removed during the test 
to allow independent mo"vement of the gauges. The lateral gauge rested on 
aluminum gauge points as shown in Fig. (3.2). 
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Two sets of gauges were mounted on two opposite faces of the 
prism and held together by four springs, Fig. (3.4). 
Leads from the longitudinal gauges were fed to a drum plotter 
which was part of the hydraulic testing machine. Thus, the average 
longitudinal compressive strains of two opposite sides of the specimen 
were recorded continuously as function of the applied loads. Leads from 
the two lateral gauges were connected to an X-Y plotter to give a con-
tinuous record of the average lateral tens{le strains with load. The 
gauges were calibrated using a supermicrometer and their calibration was 
checked during and in .between tests using an internal calibrator. 
An overall view of the setup for Phase One and Phase Three is 
given in Fig. (3.5). 
For Phase Two a closed loop hydraulic testing machine was used. 
The setup is shown in Fig. (3.7). The machine consisted of a loading frame 
with three hydraulic load activators, a hydraulic pump and three electronic 
programming and load control units. The three activators, with a capacity 
of 25 kips each, were arranged on the bottom head of the load frame such 
that they formed the corners of a triangle. The specimen was placed in 
the c.enter of this triangle. Both top and bottom bearing platens rested on 
spherical balls and were connected to either the top head or the activators 
by flexible springs. In addition, spherical seats were mounted between the 
activators and the bottom bearing platen. Thus, the bottom platen was free 
to rotate and no horizontal forces co~Ia be transmitted into the specimen. 
The load in each activator could be controlled and programmed independently 
of each other. Three rather than one load activators were used in order to 
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be able to control the st:.ress or strain distribution in the test specimen at 
any time. In a conventional test:.ing machine it is difficult to load or strain 
a specimen concentrically even if the load axis coincides precisely with t:.he 
axis of the specimen·because of the inherent heterogenuity of concrete. With 
the closed loop system desr:ribed above,conc.entric straining of the specimen 
during the initial load application could be insured by using strain gauges 
moun~ed on three sides of the specimen and automatically. controlling the loads 
in thLee activators such that the strains on three sides are equal at all 
times and increasing at an equal predetermined rat:.e. In addition to concen-
tric st:.raining, this test system allows the development of a variety of 
other plane s-cress or strain distributions in a specimen. 
Three electric. resistance gauges with an active gauge length of 
6~25 in and Ci resistance of 300 ohms were glued to the centers of three faces 
of the prism. Each gauge was adj~sted to a full range of 6 x 10-3 in/in. 
The load and st-rain out:.put from each activator was recorded con-
rinuously against time using an 8-channel plotter. At the same time, the 
load and s-crain outputs of the three activators were connected to an analog 
computers> which is programmed to reco-rd the average load-average compressive 
srrain characteristics of an X-Y plotter du·.ring the whole test. Also, the 
average load and the average srrain were recorded on the 8-channel plotter 
as a funct:.ion of time [See Fig. B.7b, Appendix BJ. In each case the lOad 
was recorded as a percent:.ile of t:.he ultimate capacity (25 kips for each individual 
piston, and 75 kips for total capacity). Lateral tensile strains were not 
measured, 
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A specimen with gauges is shown in Fig. (3.6) and the entire setup 
used for Phase Two is shown in Fig. (3.7). 
3.5. Load Pattern 
Throughout the entire experimental program, loads were applied in 
a saw-tooth patter, Fig. (B.7b). Within each test the stress rate was main-
tained constant. In the conventional hydraulic testing machine used in 
Phase One and Phase Three, the rate controlling valves had to be adjusted at 
the beginning of the test and frequently checked thereafter. The stress rate 
was automatically set with high precision in the closed loop hydraulic machine 
used in Phase Two. 
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4. PHASE ONE: EFFECT OF MAXIMUM STRESS, 
STRESS RANGE AND AGE AT 
LOADING ON BEHAVIOR OF PLAIN 
CONCRETE SUBJECTED TO HIGH LOADS 
4 < l Tes t Program and Procedures 
This 1S a study of the response of plain concrete prism& subjected 
LO high repeated and susrained loads. The sustained load tests which can 
be considered as a special limiting case of fa'Cigue tests where the stress 
range is reduced to z,er.o are.ceported separately for convenience 0 
C-:.mpfesslve loads were applied concenr:rically to all specimens. 
In [he fatigue ::.esrs thE; ma.in variables were the maximum sr.ress, stress 
range a and the concrer.e age at time of load application. Four levels of 
* maXimum st.y.ess G ::. f If ,were investigated, They were 0.80, 0.85, 
'max max cup' 
o c, 90, and 0 c 95 or ehe: staticulr.imate strength, f The stress range, 
cup 
R~ defined as the differen~e between the maximum. and th~ minimum 
stress levels ranged Irom 0.05 to the level of 0 
max 
For the later case 
r<' - 0, 
v
min For r.he :esrs wi~h a nominal 0 , m1n 0, a minimum load less than 
2 perCent 01: :.he ul;:: :UIiate load had t..:;' be sustained to avoid impact; this 
minimum load 1S considered insignificant and wi.il be neglected hereafter. 
The age of conclete at the -eime of l~a.ding was 7, 28, and 90 days. The 
investlgaticn was limi~ed to one type of concrete with a control cylinder 
strength, .t
cLl28 , ci 4000 psi after 28 days and to one type of specimen 
(4 in by 4 in by 12 in). The repeated loads were applied at a constant 
stress rate of +6000 psi/m1n throughout Phase One. 
* Refer to List: ot Definitions and NotaLionsD 
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Twenty-nine series, designated by the letter 'A', were tested 
within this phase. A total of 27 specimens were subjected to fatigue 
loads at an age of 7 days, 74 specimens at 28 days, and 32 specimens at 
90 days. Tables(4.l), (4.2), and (4.3) show the number of specimens tested 
at each maximum stress level and stress range tested at 7, 28, and 90 days, 
respectively. 
In the special case where R = 0, i.e., sustained load tests, 
three levels of the sustained stress, usus' were studied: namely, 0.85, 
0.90 and 0.95 of the static ultimate strength. The concrete age at time 
of loading was 7, 28, or 90 days. Table (4.4) gives the number of specimens 
tested at each level of u and at each age. Although the results from 
sus 
the sustained load tests will be presented separately, the tests were con-
ducted simultaneously with the fatigue load experiments. 
When a fatigue specimen is subjected to a certain maximum load, 
F, the ultimate load F of that particular specimen is not known, nor 
max u 
can the exact relation between F and F for that specimen be determined. 
max u 
Therefore F was estimated from the behavior of companion specimens. Each 
u 
series tested in this phase consisted of 12 prisms (4 in by 4 in by 12 in). 
Three to four companion specimens were tested monotonically to failure at 
a strain rate of about 10-5 in/in/sec and the stress-strain characteristics 
both in longitudinal and lateral directions were determined. The maximum 
load, F ,to which a series of fatigue specimens will be subjected can 
max 
be determined by loading the specimens to a certain fraction of the aver-
age ultimate load, F , of the companion specimens. It proved to be more 
u 
accurate, however, to determine F from the longitudinal strain measure-
max 
ments of companion specimens. If, for example, a fatigue specimen was 
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supposed to be subJected ~o F = 0.90 F , then the average longitudinal 
max u 
strain~ s2r of all companion specimens which was observed at a stress 
level of 0.90 F was determined8 To subject a fatigue specimen from the 
u 
same se:ries 'co F = 0.90 F , the specimen was loaded, with the same 
max u 
strain -rate IJt 10-5 in/in/sec, as used to test the companion specimens, 
un-cil a longitudinal st:rain 1SQ,1 was reached. The corresponding load was 
considered L~ be F 
max 
0090 Fu. Kno~ing a certain desired range, R, 
t:he minimum load, F
min , could thus be calculated. Then values for F max 
and H' were. set in -;:he load programmer of the testing machine, and then 
-mln 
the fat:igue Lest: was continued with the repeated load oscillating between 
r:hese limits at a stress rar:e of 6000 psi/min. This procedure implies 
that variat:ions in strength between specimens express themselves in cor-
responding v~=iations of the sr:ress-strain relationships. This trend was 
confirmed by ~he results from static tests. In addition to this procedure, 
F was also determined as a fraction of the average ultimate load of all 
max 
;::ompanion spe 2lmens. Essentially the same general trends were ob tained; 
h:Jwever." r:he scatLer of test data was::onsiderab~y larger. 
To ~orrelate the results obtained from all batches, f and 
max 
T were glven as ratio of i ;hereaft:er referred to as the stress 
mln cup 
levels a and a . 
max min. 
Similar to the specimen subjected to fatigue loading, the level 
of sustained loads was defined by the longitudinal strain obtained from 
the static ~ests, EQ,l' for a given stress level. The specimens were loaded 
with a strain rate of 10-5 in/in/sec until EQ,l was reached. The cor~ 
responding load was read from the load-strain curve while manually holding 
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the load constant. The load was then set in the load-programmer of the 
testing machine and held constant till failure. 
The number of specimens and their batch designation subjected to 
fatigue loads at different maximum stress levels, 0 ,and stress ranges, 
max 
R, are given in Tables (4.5), (4.6), and (4.7) for specimens tested at an 
age of 7, 28, and 90 days, respectively. Similar details for specimens 
subjected to sustained loads are given in Table (4.8). 
In order to minimize the influence of continued hydration during 
the tests, especially of young concrete,the duration of a particular test 
had to be limited. Tests of the 7-day specimens were started on the evening 
of the sixth day and continued to the morning of the eighth day. All speci-
mens which did not fail or which could not be tested within this period 
were loaded monotonically to failure to assess any changes in the stress-
strain characteristics. Tests for the 28-day concrete were continued up 
to a concrete age of 30 days, and one week was allowed for the 90-day tests. 
During fatigue testing, longitudinal and lateral strains were 
recorded continuously as a function of load. The following strain readings 
for each cycle are of particular interest: the maximum strain, s ,at 
max 
o ,and the minimum strain, s . , at 0 . . The maximum strain observed 
max mln mln 
at the last cycle, n , was designated by s and will be referred to as the 
u u 
failure strain. Also, Poisson's ratio, v, and the volumetric strain, s , 
v 
were determined from the strains at maximum stress levels. The corresponding 
values at failure were designated by v and s respectively. Attention 
u vu 
was also given to the value of (s - s . ), the differential strain of a 
max mln 
cycle, and its variation throughout the specimen life. 
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During "(he sustained load tests, the longitudinal and lateral 
strains were also read as a function of time. Then the compressive, tensile, 
and volumetric strains,as well as Poisson's ratio,were calculated as 
functions of the time under sustained load. It is worth noting that the 
time and strains reported for the sustained load are those obtained 
during '[he sustained load in'[erval, ioe., the initial strain: E,Q,l and the 
Lime raken to load to E,Q,l were not included. 
402 Test Results 
4.201 Control Cylinders 
The variation of 1:he compressive strength with concrete age,as 
determined from con,[Lol cylinders, is given in Fig. (4.1) for series A2 
to A19 and in Fig:. (4,2) for A20 to A30. Figs. (4.3) and (4.4) show the 
strength at different ages as a ratio of the 28-day strength, f
cu28 ' 
4.2.2 Static Tests 
For each batch,three to four specimens were tested monotonically 
'[a failure. Average stress~strain curves for concrete in the longitudinal 
direc'[ion tested after 7, 28, and 90 days are given in Fig. (4.5). 
Fig" (4.6) shows the stress-lateral strain characteristics for concrete 
tested a'[ these ages. The same data are given in Figs. (4.7) and (4.8) 
with the stress r) f , normalized with respect to the ultimate strength of 
t:he prism f 
cup According to Fig. (4.7) r:he stress ratio-strain relation 
for short Lime loading is not unique,but a function of the age at which 
concrete is tested, The descending portion of the stress ratio-longitudinal 
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strain curve is steeper for specimens tested at an age of 90 days compared 
to the behavior of specimens tested at 7 and 28 days. 
402.3 High Repeated Loads: Effect of Maximum Stress, Stress Range 
and Age at Loading 
In this section,the test results of specimens subjected to 
repeated loads are reported. Results of specimens subjected to sustained, 
loads will be reported separately in section 4.2.4. 
As mentioned earlier, the maximum stress level, (J ,the stress 
max 
range, R = (J - (J and concrete age at time of loading are the para-
max min 
meters to be studied in this phase. Values for (J corresponding to 
max 
0.85, 0.90, and 0.95 were chosen for concrete tested at an age of 7, 28 or 
90 days. The stress range was varied between R = 0.05 and R = (J i .. e. , 
max' 
(J. = O. All fatigue tests were conducted at a constant stress rate of 
mln 
6000 psi/min. Only a limited number of parameters were investigated for 
concrete ages of 7 and 90 days. The corresponding results are summarized 
in Tables (4.9) and (4.13). The test results obtained from specimens which 
were loaded at a concrete age of 28 days are given in Tables (4.10), (4.11), 
and (4.12) for maximum stress levels, (J a ' of 0.95, 0.90, and 0.85 and 
m x 
0.80. In most cases four specimens were tested for each parameter. The 
logarithmic average of the cycles to failure, n
u
' for each parameter is 
calculated and tabulated in Table (4.14). 
In addition, penetrants were used to investigate visually the 
crack pattern on the surfaces of some of the specimens during testing. A 
detailed report on the results of these studies will be given in [7 J. 
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Effect of maximum stress and stress range 
Host fCi.'cigue data reported in the past were conducted at maximum 
sr:ress levels well below the sustained load strength, thus causing failure 
afLer more "Chan 1000 cy:::.les. Under such conditions a decrease in the 
maximum stress and/or the stress range results in an increase of the number 
of cycles ~equired to fall a specimen. The tabulated logarithmic averages 
of ~he cycles :0 failure in Table (4014) also confirm the increase in cycles 
to failu:.:e wit.h de~reasing maximum stress level and/or stress range for the 
low cy:le faLigue range. This trend is also apparent in Fig. (4.9) and 
~ig. (4.9) g~ves the relationship between the cycles to 
iailu.re and rhe maximum s-cress level, for constant stress ranges. However, 
de::reasing R, at. a constant 0 ,from its maximum value, 
max 
i.e., 0. = 0, 
m1.n 
t.c' 0 50.., res-.!'::" ts in a considerably higher increase in the cycles to failure 
when comp~Led tJ a decrease from 0.50 to 0.05, particularly at high values 
of 0 
max 
In Fig. (4010) the variations of the cycles to failure with the 
stress range for const.ant maximum stress levels are given. These relation-
ships are almost ve'rtical for higher maximum stress levels, particularly 
o = 0,,95, and stress ranges, R less than 0.50. On the other hand, for 
max 
lower maximum stress levels, 0 = 0.85, or stress ranges, R greater than 
max 
0.50 s the number of cycles to failure is more sensitive to changes in 
either 0 or R. The intersects of the average lines in Fig. (4.10) with 
max 
the n axis, i.e.) $ R = 0, represent an "equivalent time to failure" under 
u 
sustained load. For maximum stresses below the sustained load strengths, 
one would expect the R versus n relationship to approach the n axis 
u u 
assymptotically, giving a value of n 
u 
00 for R o. 
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Effect of concrete age at loading 
The influence of concrete age at loading has been studied little 
in the past [35,36]. For fatigue tests at stresses below the sustained load 
strength it has been recommended to eliminate the influence of continued 
hydration and the subsequent gain in ultimate strength during testing [19]. 
In the range of low cycle fatigue, the short time needed to fail a specimen 
may justify disregarding effects of continuing hydration except for very 
young' concrete. 
Within this phase,concrete was subjected to repeated loading at 
an·age of 7, 28, and 90 days. Since all tests had to be conducted in a 
single testing machine,a time limit had to be set for the testing of each 
batch as mentioned earlier. All the 7-day specimens were kept in the fog 
room till tested in the laboratory environment to minimize effects of the 
moisture content prior to testing. Specimens tested at 28 or 90 days were 
initially moist cured for seven days and left to dry in the laboratory 
environment until testing. Thus the moisture content of the concrete at 
the time of testing was different depending on the age of concrete. Static 
tests were often conducted at the end of the tests but no appreciable 
strength increase was noted. 
The logarithmic average of the cycles to failure for one para-
meter is: plotted in Fig. (4.11) as a function of concrete age. The curves 
show the effect of age on the fatigue life for maximum stress levels, 
o = 0.95, 0.90, and 0.85 and stress ranges R = 0.50 and R = 0 
max max 
Note 
that in each case the stress levels were determined as a fraction of f 
cup 
at the time of loading. There is no clear indication of the dependence of 
n on age dL loading for R = 0 
u ~x 
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However, for 0 = 0.90 and R = 0.50 
max 
n appears ~o increase with decreasing age and the 7-day specimens did 
u 
not fail within ~he prescribed interval; consequently, no specimens were 
tested at 0 = 0.85 and R = 0.50. This apparent increase in n for low 
max u 
ages was aLtributed to a significant gain in strength due to continuing 
hydration and becomes significant only in tests where failure did not 
occur after 30 hours cf testing. These results confirm studies of the 
sust:ained load strength by R~sch [35]. Rusch reported that when young 
concrete is subjected to susr:ained loads, the combined weakening effect due 
(0 the load damage and the strengthening effect due to continuing hydra-
tion reach a net minimum after a certain time after loading. If the 
applied s tresses are not high enough to cause failure, within that time, 
the speci.men will not faiL Studies of the effect of concrete age on 
sustained load behavior will be reported in a subsequent section. 
Effec.t of maximum stress and stress range 
Concrete deformat:ions during loading are frequently used as a 
qualitative measure of damage of concrete and may give an insight into the 
nature of failureo Often concrete failure has been associated with a 
limiting strain, and the strains at failure form the basis in structural 
conc.rete design. Therefore,the variation of longitudinal, lateral and 
vclumetric strains, as well as Poisson's ratio and (s - s . ) with the 
max mln 
number of applied cycles up to failure were investigated. 
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In Fig. (4.12) longitudinal and lateral strains are given as a 
function of applied number of cycles, n. The specimens were subjected to 
different maximum stress levels but the minimum stress was zero in all 
cases. Increasing the maximum stress level results in an increase in the 
initial strain, s~l' to which the specimen was loaded before cycling. Never-
the1ess, the strains at failure increase with decreasing maximum stress 
level. For the same level of maximum stress, these failure strains are 
larger, the greater the number of cycles required to cause failure. 
The effect of stress range on the development of concrete strains 
is shown in Fig. (4.13). Although initially all three specimens were 
subjected to the same initial strain, s~l' i.e., the same 0 ,the failure 
max 
strain, s , increased with decreasing stress range or increasing number of 
u 
cycles to failure. This is true for both longitudinal and lateral strains. 
Also~ the differential strain of a cycle, (s - s . ), was re-
max m~n 
corded. Van Ornum [42] had observed that the stress-strain curve of concrete 
subjected to repeatedly applied axial compression is initially convex up-
wards, straight:ens after a few repetitions of load and finally becomes con-
cave upwards and S-shaped as failure approaches. The values of (s - s" . ) 
max m~n 
as a function of the number of applied cycles, as given in Figs. (4.14) 
and (4015) are in general agreement with Van Ornum;' s observations. The 
strain difference, (s - s . ), which is a measure of the elastic modulus, 
max m~n 
decreases rapidly for the first few cycles, then stabilizes and increases 
rapidly near failure. Actual stress-strain relationships recorded during 
fatigue tests also show these tendencies. Typical examples are given in 
Appendix B. 
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The variation of Poisson's ratio, v, and the volumetric strain, 
E .. at the maximum stress level often have been considered a measure of 
v' 
the int:egrity of concrete subjected to compressive loads. Typical values 
for t.he variation of v and E with the number of cycles are shown in Figs. 
v 
Fig. (4u16) shows that for 0 max 0.95 each ad-
ditional cycle causes a continuous increase of v and a decrease of E • 
v 
For 0 
max 
0<85~ v is almost constant and E increases slightly for in-
v 
termediate cycles u At about 80 to 90 percent of the life, v increases 
sharply and E decreases to a negative value indicating a volume increase 
v 
rather than a volume decrease. This phenomenon has been frequently ob-
served and is associated with the opening of vertical cracks in a direc-
cion perpendicular to the direcr:ion of loading. Varying the stress range 
foy a constant 0 significantly influences the variation of v and E 
max v 
as shown in Figo (4.17). An increase in the stress range, R, results in 
a higher inir:ial value of .\). This value stays fairly constant uiitil 
failure is imminent c At this stage ·v starts to increase rapidly. How-
ever, the higher the stress range, the lower is v at failure. A greater 
increase in E is noted for higher stress ranges.· But near failure, a 
v 
volume increase is indicated by the sharp decrease of E to a negative 
v 
value in a similar fashion to the effect of varying 0 
max 
Effect of concrete age at loading 
Old concrete is less ductile than young concrete. This is 
demonstrated by the st:atic stress-strain relationship shown in Fig. (4.7) 
for concrete tested at different ages. This variation in the stress-
strain characteristic leads one to expect a similar effect of age on the 
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strain ,at failure, E , in fatigue testing. Fig. (4.18) shows the variation 
u 
of the longitudinal and lateral strains for three representative specimens 
tested at 7, 28, and 90 days, respectively. The maximum stress level and 
the range of stress are the same for all three specimens. All specimens 
show the usual slow increase of both the longitudinal and lateral strains 
with increasing number of applied cycles. At about 80 to 90 percent of 
the life the rate of strain increases continuously indicating failure. How-
ever, there is. no indication that failure strains are influenced by concrete 
age at.- loading" 
The differential strain of a cycle, (E - E • ), follows the 
- max m~n 
general pattern observed earlier, as shown in Fig. (4.19): an initial 
decrease,then an almost constant value,followed by a rapid increase near 
failure. The comp_ressibility of the specimen per cycle is more for the 
28--day specimen than that of the 7- ·and 90-day specimens. The accumulated 
lateral strain, which may be a qualitative indication of the net width of 
vertical cracks, is larger for the 90-day specimens than for the 7-and 28-
day specimens. Similarly, the increase in Poisson's ratio and the con-
tinuous decrease in the volume~ric strain is more noticeable for the 90~ 
and 7-day specimens compared to the 28-day specimens. 
The observations reported on the effect of concrete age at loading 
apparently are not conclusive, and additional tests may be required. It 
is ,however, likely that the effect of age of concrete on its deformation 
characteristics is minor if the stresses are expressed as ratio's of the 
short time strengths at the time of loading and if failure occurs within 
a short period of time. 
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4.2.4 High Sustained Loads: Effect of Sustained S"Cress and Age at: Loading 
Sustained loads,far which R = 0, can be considered a limiting case 
of fatigue loadingc The tests were thus conducted to supplement the fatigue 
studies;, but are:cepoy"Ced separately for convenience. Table (4.15) gives 
the results tor all specimens r:ested at an age of 7 days for the two levels 
of the susr:ained stress" Oc95 and 0.90. The results for the 28-day and the 
90-day specimens8.£e shewn in Tables (4.16) and (4.17), respectively. The 
susta.ined s "C.C'ess le'ij'els were 0.95, 0.90 and 0.85. In these tables the " 
sr::ralns and P'Jisson's rai:io at failure are also given. 
Three to four specimens were tested for each parameter. The cor-
respcnding ave~age of the logc.rithm of time to failure for each parameter 
was::alculaLed and is given in Table (3.18). 
The s~s[ained stress ~evel and the concrete age at loading ~re 
,[,he t'l,;vO ma] or para.meters whic.h affect the response of plain concrete to 
susr:ained loa.ds It is well accepr:ed tqat an increase of the sustained 
stress level, 0 } decreases the time to failure [35,36]. This phenomenon 
sus 
is quanr:iI:ati'lel.y shown in Tables (4.15), (4.16) and (4.17) for concrete 
~~oa.ded ar: an age C'.L 7, 28, Cind 90 days. Table (4 .18) gives the logarithmic 
average of the r:lme LC failure as a function of both sustained stress level 
and concre::e a.ge at: loading. The results are also plotted in Fig. (4.21), 
which gives the rela':ionship bet,ween sustained stress level and time to 
failure. In this figure,also the time required to load the specimen to the 
initial sustained S::Tess level is included in the time to failure, t. For 
u 
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high sustained stresses, failure occurs within a certain time period which is 
shorter, the younger the concrete at the time of loading. However, for lower 
stress levels where the time to failure exceeds 1000 minutes, the time to 
failure of young concrete loaded at an age of 7 days is larger and shown by 
R~sch [35J to be due to hydration occurring while the specimen is under load. 
Such hydration partially or completely offsets the damage. caused by sustained 
loading. The potential of concrete for continued hydration will be the higher 
the smaller the extent of hydration prior to loading, i: .. e., the younger the 
concrete at the time of load application. "Post-hardening" or hydration under 
load is insignificant at high stresses when failure occurs already after a few 
minutes of loading. It becomes significant for low stress levels when the time 
to failure may be several days. 
The strength-time relationships given in Figs. (4.1) and (4.2) show 
already that for the particular type of concrete tested in this investigation 
the difference in static strength between concrete tested after 28 and 90 days 
is negligible. Thus very little hydration, if any, will occur in concrete speci-
mens subjected to sustained stresses at an age of 28 or 90 days, and the 
sustained load data for an age at loading of 28 or 90 days, as given in Fig. 
(4.21), are not affected by hydration after load application. Fig. (4.21) shows 
clearly that even if hydration effects are excluded, the time to failure for 
a given st~ess level depends on concrete age at time of load application. 
4.2.402 Strain Data 
It is generally accepted that an increase of the sustained stress 
level decreases the accumulated strain at failure [35,36]. However, similar 
to repeated loading, the strains at failure, as well as the time to 
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failure:. t , may va'!:.'y ccnsiderably even for a given stress level. This is 
u 
demonstLated in Fig. (4,)22) where the variation of longitudinal and 
lateral strains with time under sustained stresses are given for four tests 
at a stress level 0 
sus 
0090. All specimens were from the same batch and 
were test:ed at an age of 28· days.. There is a clear tendency for both lon-
gitudinal and lateral st:rains to increase wiLh increasing time to failure. 
The fact that a decrease of 0 leads to an increase of t and 
sus u 
an increase in tailu:):'e strain is demonstrated in Fig. (4.23). The three 
sets of dar:a:t representative for the logarithmic mean for each parameter, 
are shown 0 Unlike fatigue behavior, there is no initial abrupt increase 
in the compressive strainso At all three levels of sustained stress, the 
strains initially increase almost linearly with lcigari'thrriof time' until failure 
is imminent'Then the strains increase rapidly until failure occurs. Lower 
levels of the sustained stress are characterized with high longitudinal 
strains and high lateral strains. Variations of Poisson's ratio, v, and 
the volumer:ric strain~ E , with time are given in Fig. (4.24). The pat-
v 
Le~n is the same as observed in fatigue behavior. Near failure v rapidly 
increases and E decreases to a negat:ive value, showing a vo.lume increase 
v 
rat.her than a 'volume decrease. 
The effect of concrete age at loading is shown in Figs. (4.25) 
and (4.26). The longitudinal and lateral strains are consistently the 
smaller the younger the concrete. The absence of the initial abrupt in-
crease in the strains of concrete under sustained loads can also be ob-
served in Fig, (4.25). The variat:ion of Poisson's ratio and the volumetric 
strain with time are given in Fig. (4.26). These data, for all ages and 
all stress levels i are similar to the data reported for fatigue tests. 
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Similar to E ,-also ~he ultimate values v and s tend to increase with in-
u u vu 
creasing time to failure 0 
4v3 Evaluation of Test Results 
In the range of low cycle fatigue, the maximum stress is above the 
sustained load strength. Therefore, the total time a specimen is subjected 
r:a a se-ress above i~s sustained load streng~h, or a certain minimum thres-
hold stress above which microcracks may propagaee under a sus~ained load, 
may become a significant parameter. Consequently, the behavior of the spec-
imen may be subdivided into a "cyclic effece\ which is a stress level and 
srressrange dependent, and into a time dependent llsusr:ained load or time 
effectTl~ Experimenr:al dat~ reported later in this thesis (Chapter 6, 
Phase Three) will show that both cyclic and sustained loads can either have a 
strengthening effect. which may be due to compaction of the cement paste 
under _load and/ or l·e.l.ief of residual stresses, or a weakening effect due 
to accumulating damage or microcracking. These two effects are interchange-
ably referred -co as "hardening" and "damaging" actions. 
The interplay between sustained and fatigue loads is qualitatively 
apparent in FlgS, (4.9) and (4.10). These figures show a comparatively 
insignifican-c increase in cycles to failure with a decrease in stress range 
for high maximum stress levels and low stress ranges. However, at lower 
levels of maximum s-cress, the number of cycles to failure increases con-
tinuously as the stress range, R, is reduced. At low values of R and high 
vaules of c ,the specimen is subjected to s~resses above the sus~ained 
max 
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load strength, during the major part of the total testing time. Then the life 
of the specimen is primarily influenced by the sustained load effect. The 
cyclic effect per cycle decreases with a decrease in R. However, because of 
the constant stress rate,. the sustained load effect, per cycle, is independent 
of R for cr. < cr and decreases only slightly with a reduction of R for 
mln s 
cr, > cr < Thus decreasing R from e.g. Oe20 to 0.10 will reduce the net damage 
mln s 
per cycle only insignificantly, and therefore, will have little influence on 
the number of cycles to failure. 
For C5 
max 
Oe85 and R greater than 0.50, the cycles to failure are 
more sensitive to changes in either C5 or R, because the specimen spends only 
max 
a small fraction of the total testing time under high loads, therefore, the 
sustained load effect is reduced and the cyclic effect, which is a function of 
o and R, is more dominante 
max 
The relative contribution of the sustained and fatigue load to the 
specimen life can also be varied by varying the rate of load application during 
a fa~igue test; a phenomenon which has been experimentally studied and will be 
reported in Chapter 5, Phase Two, of this work. Also, an analytical evaluation, 
given in Chapter 7, will demonstrate the dependence of low cycle fatigue 
behavior on cycle and time dependent parameters. 
The effect of concrete age on its response to sustained loads was 
little stuied in the past~ Sell [36J reported that the sustained load strength 
is independent of the age at loading if it is related to the short time strength 
at the time of failurec,' R~sch [35 J formulated a relationship to predict the 
sustained load strength of concrete in which he accounted for the strength 
increase due to continued hydration and the strength decrease as a result of 
the damage caused by the sustained loads. In his relation, R~sch implicitly 
assumed a unique sustained stress level-time to failure relationship for 
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concrete under sustained stresses after hydration effects were eliminated. 
This relationship, which is independent of concrete age at·time of loading, 
was· obtained from concrete specimens concentrically loaded at an age of 56 days. 
The results obtaine.d herein consistantly show an increase in 
time t.o failure,:the older the concrete, for all levels of sustained stress 
which were investigated~ Fig. (4.21), except in cases where continued 
hydration during loading becomes significanS resulting in longer time to 
failure for young concreten A similar behavior was observed for concrete 
subjected to repeated loading, as shown in Fig. (4.11). 
Thus~ in contrast to previous results [35] these data indicate 
rhat the sustained stress level-time to failure relationship is not in-
dependent of age even after elimination of hydrat.ion effects. This may 
be due to differences in moisture state which is affected by concrete age. 
The presence of water within the pores of concrete, might result in a 
sherter life as confirmed by Husak and Krokosky [15]. This might be due 
·to stress corrosion of the cement paste [37]~ to the development of hydro-
static pressure in the water filled pores ,or due to creep which is acceler-
ated in the presence of moisture. 
4,,3.2 Strain Data 
Concrete deformations developed during loading are significant 
because they are frequently used as a·qualitative measure of damage of 
concrete and therefore may give an insight into the nature of concrete 
failureo Also, t.he existence of a unique envelope curve to describe the 
relationship between stress and strain at failure of concrete subjected to 
high compressive loads has been suggested by several investigators [17,40]. 
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If such a.n envelope exist:s, Q specimen will fail when certain combination 
of maximum stress and llmit:ing longitudinal st:rain is reached, regardless 
of t:he amplitude of t:he Cipplied loads [17]. The descending portion of the 
st:at:ic stress-strain relationship in longitudinal compression has been 
suggested to be t:his unique envelope., 
Therefore i in t:his investigation, concrete strains were recorded 
with three primary objectives: 
ao To use the strain as an indicator or criterion of damage. 
The vailation OI longitudinal, lateral and volumetric strains, 
as well as Poisson's ratio with the duration of load were 
to be studied ta check their validity as an indicator of 
t:he degcee CI damage, which might: have been developed at a 
certa.ln sr.age of the life of the specimen. This particular 
Lopic will be dealt: with in more detail in Chapter Six of 
r.:his t:hesis. 
b To sr:udy r:he validit:y ~f the stress-strain envelope criterion, 
and check the uniqueness of the descending portion of the 
static stress-longit:udinal strain curve. 
c v To investigate t:he variation of the failure strain, E.Q,U' 
with the pacamete:rs studied,since E.Q,u is of importance in 
st:ruct:ura1 concrete design. 
4.3.2.1 Strains Under High Repeated Loads 
In this discussion, particular emphasis will be placed on longi-
t:udinal strains. Lat:eral and volumetric strains will be discussed further 
in Chapter Six, 
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Figc (4.27») (4.28) and (4.29) give the variation of the com-
pressive strains, at failure and half the life of the specimen, with the 
stress range for (J = 0.95, 0.90, and 0.85. The concrete specimens were 
max 
28 days old when loadedo The failure strain, E£u' shown for R = 1.00 ;i's 
the value given by the descending portion of the static stress-strain 
curve and is shown only as a basis of comparison. The average curves re-
presenting the best fit to the experimental data are summarized in Fig. 
(4 0 30)0 The following conclusions were drawn from '[hese relationships: 
a. The compressive strain at failure and half the life is a 
function of both the maximum stress level and the stress 
range. The lower '[he maximum stress level, the larger 
the strain at failure and at haltE-life. A decrease in the 
stress range -results in an increase of the failure strain. 
b. The failure strain approaches the value given by the 
descending portion of the static stress-strain curve only 
for large stress ranges, where the minimum stress level 
is near zero. (This evidence will be used later in 
developing an analytical model to predict the failure 
strains, Chapter 7). 
c. The effect of the stress range on failure strains is most 
significant for lower values of maximum stress. For 
(J = 0.95,a decrease of R increases the strain at 
max 
failure and the half-life only slightly. For (J 
max 
0.85, variation of R over the entire range significantly 
affects concrete strains. 
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These observations hold true throughout the life of the specimen, 
and not only at failure and half the life as demo.nstrated in Figs. (4.31) 
and (4,,32)0 Fig. (4031) shows the effect of the maximum stress level on 
t:he longitudinal strain a.s a function of the cycle ration, N, for o. = O. 
mln 
The ini::ial s'Crain, sril' is highes!: for 0 = 0.95, and lowest for 
Iv max 
o = 0.80u Nevertheless, even before 10 percent of the failure cycles 
max 
are applied~ the specimens loaded to 0 = 0.80 exhibit larger strains than 
max 
those loaded to a = 0095" The failure strains,snu,increases as 
max Iv 
is reduced c, 
max 
The effect of stress range on the development of longitudinal 
strains is given in Figo (4c32). All specimens were loaded to 0 = 0.85, 
max 
-cherefore, t:he initial strain, - is the same in all cases. c:..£l' For compari-
son also t:he strain,as given by the descending portion of the static stress-
strain curve,was marked on r.he line N = 1.0. This strain was already ac-
eumu':ar.ed afr.er 10 per:ent of "(he life for R .... 0.05, and after 90 percent 
for R = 0 0 850 The strains at failure, sQ,u' increase noticeably with a 
decrease of the stress range. 
In Fig~ (4.33), longitudinal strains at failure, which were observed 
in all individual fatigue tests for various maximum stress levels and 
st:'ess ranges 5l are plotted versus cycles to failure; all specimens were 
tested at an age of 28 daysc The strains at half life are given in Fig. 
(4.34). Although there is an appreciable scatter, there is a clear ten-
dency for the failure strain to increase with an increase iii the number of 
cycles to failure. The average lines of the longitudinal strains at failure 
and those at half life obtained from Figs. (4.33) and (4.34) are plotted 
46 
in Fig. (4.35). The corresponding average lines for each maximum stress 
level are also shown for comparison. These data indicate that the domi-
nant parameter influencing the failure strain is the number of cycles to 
failure 3 n. Maximum stress level and stress range affect the failure 
u 
strain only to the same extent as they influence the failure cycles. 
As mentioned earlier, it is likely that the longitudinal strains 
are also affected by the age of concrete at loading. Fig. (4.36) shows 
the effect of maximum stress on the longitudinal strains of concrete 
specimens loaded at 7 days. Similar to the te~ts of concrete at an age 
of 28 days,the strains increase as the maximum stress level is reduced. 
For concrete loaded at an age of 90 days, Fig. (4.37), the difference in 
the iriitial strain of specimens loaded at different stress levels domi-
nates and the failure strains is little affected by variation of 0 
max 
To study the effect of concrete age on the longitudinal strains -
cycle ratio relationship, representative test data from each age group are 
given in Figs. (4038), (4.39), and (4.40) for 0 = 0.95,0 
max max 
0.90 
and 0 = 0.85, respectively. The initial strain, E nl, is lowest for the max N 
7-day concrete, however, it is not significantly different for the 28-
day and the 90-day specimens. In addition, the following observations 
were made: 
a. The compressive strains were lower for the younger 
concrete throughout the life of the specimen when compared 
with the older concrete subjected to similar load conditions. 
bo The 28-day specimens showed the highest strains throughout 
their fatigue life for all levels of maximum stress. 
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c. The scatter in strains of the 90-day concrete were 
appreciably larger than those observed for the 7-day 
and the 28-day specimens. 
Thus~on ~he basis of these results,it seems reasonable to 
suggest that the age of concrete has·some effect on the deformation char-
acteristics of concrete subjected to repeated loading. However, more 
conclusive answers could only be sought through a more extensive experi-
mental study. 
4.3.2.2 Strains Under High Sustained Loads 
I~ was already shown in Fig. (4.22) that for a given concrete age 
and Ci given sustained stress level, the longitudinal failure strain, E 
.Q,u, 
increases with increasing time to failure. A similar tendency also exists 
for the lateral strains. In addition, it was observed, Fig. (4.23), that 
the failure strain inc·reases as the level of sustained load is reduced. This 
suggested a plot of longitudinal s~rains at failure, E.Q,u' versus the 
logarithm of time to failure~ t , for all levels of the sustained stress, 
u 
a s as given in Fig. (4.41). Independent of the sustained stress level, 
sus 
the strain at half life as well as at failure .increases with the time to 
failure, t " similar to ~he relation between En and n ,as given in Fig. 
u NU u 
(4,35). These relationships can be represented reasonably well by two 
straight lines 0 Figo (4.42) further illustrates that the interrelationship 
between longitudinal strain and time under constant level of sustained stress 
holds true throughout the life of the specimen. 
The effect of age at loading becomes apparent in the strain-time 
ratio. curves given in Fig. (4043). The strains are the smallest for the 
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7-day concrete. The 28-day concrete showed the largest longitudinal 
strains, while the 90-day concrete showed the largest lateral strains. 
Although the range of the failure time required to rupture concrete at 90 
dyas is noticeably higher than that needed for 28-day concrete, Fig. (4.21), 
the longitudinal strains for the former is always smaller. It was also 
found that'a linear relationship between En and the logarithm of t 
NU u 
also holds for concrete subjected to high sustained stresses at an age 
of 90 days, Fig. (4.4). 
The observations made on concrete behavior when subjected to 
high sustained stresses can be summarized as follows: 
a. For the same level of sustained stress, specimens loaded 
at the same age may fail after different durations of 
loading. The longer the time to failure, the larger the 
accumulated longitudinal and lateral strains at failure. 
b. The variations of the volumetric strain and Poisson's 
ratio follows the same pattern whether concrete is 
subjected to high repeated or sustained loads. 
c. 'The longitudinal strains at failure under sustained 
stresses are significantly larger than those predicted 
by the descending portion of the static stress-strain 
curve. These failure strains also depend on the age 
of concrete, Fig. (4.45), similar to the short time 
stress-strain characteristics. 
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d. The strains at failure, E~U' can be related to the 
duration of time to failure of a specimen, t , 
u 
subjected to a constant high sustained stress level 
by a relation of the form E~u = A + B Log t
u
' 
where A and B are constants incorporating the effect 
of age at loading and the type of concrete used. 
Such a relation takes into account the scatter of 
data for a given parameter, as well as variations 
in E~U and tu for the same sustained stress level. 
4.3.2.3 Failure Envelope 
One of the objectives in evaluating the longitudinal strains of 
plain concrete subjected to high repeated and sustained stresses, was to 
test the uniqueness of the descending portion of the static stress-strain 
curve as a limiting strain failure criterion. The existence of such a 
unique failure envelope becomes already questionable if one takes into 
account that even the static stress-strain curve is not unique but a func-
tion of the stress or strain-rate and the age at which the concrete is 
testedn In addition, the data reported previously show that even for a 
constant stress level, the longitudinal strain at failure is dependent on 
the specimen life, both for fatigue and sustained loads. The longer the 
time to failure, the larger the strain-at failure. From the limited ex-
perimental study it was also observed that the failure strain is a func-
tion of the age of concrete at loading. 
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The average longitudinal strains for different stress ranges, 
R, are given in Fig. (4.46) as a function of the maximum stress level, 
E 0 The same figure also shows the longitudinal strains as given by 
max 
the static stress-strain curve determined at a strain rate of 10-5 
in/in/sec. Fig. (4046) again shows that the static stress ratio -
longitudinal strain curves for plain concrete is not a unique failure 
envelope 0 In addition, it can be seen that concrete strain at failure 
lies between two extreme values: a minimum value given by the descending 
portion of the static stress-strain diagram,and a maximum value as ob-
tained in sustained load tests. The failure strain under fluctuating 
loads is the higher the smaller the stress range. 
4.4 Summary and Conclusions 
In Phase One, the response of plain concrete subjected to high 
repeated and sustained compressive loads was investigated. The maximum 
stress, the stress range, and the concrete age at load application were 
the main variables in the fatigue tests. Under sustained loads, the 
sustained stress level and the concrete age at loading were studied. The 
effect of these parameters on concrete strength and strains was evaluated. 
Longitudinal, lateral, and volumetric strains,as well as Poisson's ratio 
and the differential strain of a cycle were recorded throughout the speci-
men life and at failure. 
The findings of this phase can be summarized as follows: 
ao The static stress ratio - longitudinal strain relationship 
is dependent on the concrete age at testing. The younger 
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the concrete at testing, the larger the strains at a 
given stress level. The descending portion of the curve 
is steeper~ the older the concrete at loading. 
be When concrete is subjected to high repeated stresses, a 
decrease of maximum stress level and/or stress range 
results in an increase of the cycles to failure. This 
increase in failure cycles is insignificant for high 
maximum stress levels and low stress ranges. Thls is 
attributed to the domineering influence of the time 
dependent I1sustained load effect 11. The "cyclic effect I:, 
which depends on stress range and maximum stress level. 
is more important tor lowey.' stress levels and larger stress 
ranges. 
c. The age of concrete at which it is subjected to repeat:.ed 
leads seems LO have litt:le effect on the number of cycles 
to failure for st:ress levels larger than 0.90. Under 
sustained stresses of 0.95 and 0.90 at t:he static ultimate 
strength~ the time to failure decreases wi"Ch decreasing 
age of concreter For lower sustained OT repeated st.cesses, 
the load dependent damage can be offset partially by 5. 
gain in strength due to the contlnued hydr~tion durlng 
loading. This leads to an increase in cycles or time to 
failure of young concre'Ce compared to the fatigue life of 
older concrete. 
d, The va'riation of longitudinal and lateral st:{'ains or 
concrete subjected to high repeated or sustained stresses is 
52 
characterized by an increase during the initial 
stages of loading. This is followed by a period of stab-
ilization, and a rapid increase of strain near failure in-
dicating rapid crack propagation. The volumetric strains 
increase initially, then they stabilize and decrease near 
failure to a negative value indicating a volume increase 
rather than a volume decrease. Corresponding tendencies 
were observed for the variation of Poisson's ratio. 
e. The failure strains under repeated loads are higher, the 
lower the level of the maximum stress and/or the stress 
range. The failure strains under sustained loads are higher, 
the lower the sustained stress level. 
f. For the same stress level, the failure strains are higher, 
the longer the time ::::tJ).:·failtire for a particular spec.imen. 
g, Longitudinal strains at failure under high sustained stresses 
are the higher, the older the concrete at the time of loading. 
ho There is a linear relationship between the longitudinal strain 
at failure and the logarithm of the cycles to failure which 
is little affected by stress range and maximum stress level. 
A similar relation exists between longitudinal failure strain 
and logarithm of time to failure for concrete under sustained 
loads. 
i. For concrete subjected to high repeated or sustained stresses 
there is no unique criterion describing the longitudinal 
strain at failure 0 In all cases, the failure strain is 
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larger than the strains given by the descending portion of 
the static stress-strain curve. For each maximum stress 
level, the failure strain is larger,the smaller the stress 
range; the largest failure strains were observed for sustained 
stresses where the stress range is zero~ 
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5. PHASE TWO: EFFECT OF SPEED OF TESTING ON RESPONSE OF CONCRETE 
TO STATIC AND HIGH REPEATED LOADS 
5.1 Introduction 
It was shown in Phase One that in the range of low cycle fatigue, 
where the maximum stress level is higher than the sustained load strength, 
both 'sustained-load' and 'cyclic' effects contribute to the response of 
plain concrete when subjected to high repeated loads. The sustained load 
effect is a function of the time the concrete has to resist high stresses. 
Thus, it is likely that the frequency of testing would affect both strength 
and strain of concrete subjected to such high repeated loads. Throughout 
Phase One a stress rate of 6000 psi/min was kept constan~ even in the 
test series where the range of stress was the major parameter, resulting 
in a variable frequency of testing for different stress ranges. 
To the author's knowledge no previous attempt has been made to' study 
the effect of rate of load application or frequency, on concrete response 
to high levels of compressive loads. In fatigue tests on concrete beams 
subjected to comparatively low repeated flexural loads, the frequency of 
testing was varied between a maximum of 440 and a minimum of 70 cycles/min 
[18]. It was concluded that there is no significant effect of test fre-
quency on the cycles to failure and it was suggested that considerable time 
can be saved in future investigations by conducting flexural fatigue tests 
at the high speed. In axial compression, reported test data I2J are limited 
and show no consiste.nt frequency effect on concrete fatigue strength. 
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The purpose of this phase was to study the effect of speed of 
testing on the response of concrete to both static and high repeated loads. 
In the repeated load tests only one maximum stress level of 0.90 of the 
static ultimate strength,as determined at a strain rate of 10-5 in/in/sec, 
was investigated. 
5.2 Test Program and Procedures 
Details of mix proportions, specimen size, curing, instrumenta-
tions, etc., for this phase, have already been given in Chapter Three. 
All specimens were tested at an age of 28 days, and only longitudinal 
strains were measured. 
Sixty control cylinders were tested to show the variation of 
concrete strength with age; batches designated by the letter C were cast 
and a total of 45 prisms (4 in by 4 in by 12 in) were tested to study the 
effect of speed of testing on concrete subjected to static and repeated 
loadso 
For the static tests, two groups, each consisting of three 
prisms from batch Cl, were tested to failure at strain rates of 10-3 and 
10-7 in/in/sec. Three prisms from batch Cl were also tested statically 
at the basic strain rate of 10-5 in/in/sec to further check the reliability 
of the strain measurements of Phase One as compared with this phase, and 
to be used as a basis for defining the maximum stress level and the stress 
range in fatigue tests~ 
Specimens from series C2 to C5 and those remaining from Cl were 
subjected to repeated loads. The repeated loads were applied following 
a saw-tooth pattern at con~tant stress rates, of 600 or 60,000 psi/min, to 
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supplement the tests from Phase One which were conducted at a stress rate 
of 6,000 psi/min. The maximum stress level, ° , was 0.90, and the 
max 
stress range, R = 0
max 
- 0
min , was 0.10, 0.50, and 0.90. The static 
strength of the prism,- f '. , is the average ',of specimens tested at a 
cup 
strain rate of 10-5 in/in/sec. The maximum stress level, ° was 
max' 
defined by the average longitudinal strain~t.Q;I" obtained 'from companion_', 
spec'imens as already describ.ed in Phase One. 
The number of specimens tested for each parameter is given in 
Table (5.1). Batch designations and test programs are summarized in 
Table (5.2)0 
503 Test Results 
503"1 Control Cylinders 
Twelve , control cylinders were cast with each batch to show the 
variation of concrete strength with age. A group of three cylinders were 
tested at an age of 3, 7, 14, and 28 days. The results are given in 
Fig c (5.1) 0 Fig. (5.2) gives the variation of average strength, nor-
malized by the 28-days strength, with concrete age. 
The static tests conducted ~t the basic strain rate of 10-5 
iniin/sec were used to define the maximum stress level in the fatigue 
tests. An average static stress-strain curve'is given in Fig. (5.3). 
Fig. (5.4) gives the same relationship with the stress normalized by the 
ultimate strength of the prism, f 
cup 
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5.3.3 Effect of Strain Rate on Behavior Under Static Loads 
Table (503) summarizes the results of the static tests at the 
various strain rateso Considering the strain rate of 10-5 in/in/sec as the 
base, an increase of the strain rate by two orders of magnitude, to 10-3 
in/in/sec, increased the static strength by 15 percent but reduced the 
ultima.te static strain by 5 percent. Reducing the strain rate to 10-] in/ 
in/sec, resulted in an 8.5 percent decrease of the static strength, and 
increased the ultimate static strain by as much as 44 percent. It has been 
observed by Watstein [45] and confirmed herein~that at strain rates higher 
than 10-5 in/in/sec the strength increase,with increasing strain rate., is 
more pronounced than at lower strain rates. 
The average stress-strain curves for the tests conducted at 
various strain rates are given in Fig. (5.5). These were plotted also in 
Fig. (506) with the stress normalized by the corresponding prism strength. 
The effect of the strain rate on concrete strain is evident already at 
stresses less than 50 percent of the static strength, but it becomes more 
pronounced at higher stresses, and for the descending portion of the stress-
strain 'curves 0 
5.3.4 Effect of Stress Rate on Behavior Under High Repeated Loads 
Test results from specimens subjected ~o high repeated loads with 
a stress rate of 60,000 psi/min are tabulated in Table (5.4). For each 
specimen the cycles to failure, n
u
' the strains at maximum and minimum 
stress level of the last cycle, and the corresponding ultimate strain ob-
tained from the basic static tests, are given. Similar data for specimens 
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loaded at a rate of 600 psi/min are given in Table (5.5). Other parameters 
being constant, a decrease in stress rate resulted in a decrease in the num-
ber of cycles to failure,while the strain at failure increased significantly. 
The effect of stress rate on the fatigue strength of concrete is 
more apparent in Figo (5.7). There, the variation of cycles to failure with 
the stress range is given. The maximum stress level, 0 ,was kept con-
max 
stant at 0.90. For a constant stress range, varying the stress rate from 
600 psi/min to 60~000 psi/min increased the average cycles to failure by 
mere than one order of magnitude. The average lines of Fig. (5.7) are 
presented in Fig. (508) together with the average relationship for a stress 
rate of 6,000 psi/min obtained in Phase One. For each of the three stress 
rates~ a decrease in the stress range increases the number of cycles to 
failure. 
The variation of longitudinal strains with number of applied 
cycles for stress rates of 600 and 600,000 psi/min is shown in Fige (5.9). 
The data are representative of the mean values of each parameter. Speci-
mens loaded at the lower stress rate generally showed larger strain 
for a given number of cycles than ~he specimen loaded at the higher 
stress rate. For the same stress range, also, the failure strains were 
the higher the lower the stress rate~ In_Fig. (5.10) the longi-
tudinal strain is given as a function of the cycle ratio, N ~ n/n , for 
u 
the two stress rates and two stress ranges. The following observations 
were made: 
a. For a constant stress range,the strains at the lower 
stress rate are larger throughout the life of the specimen 
and at failure. 
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b. In tests at the lower stress rate, a large fraction of 
the failure strain is accumulated during the initial 
10 percent of the fatigue life of the specimen. For 
intermediate life ratios, from 0.10 to 0.90, the 
strains increase linearly. Near failure, the strains 
accumulate and quick,ly increase to failure for both 
stress rates. These observations are in agreement with 
those of Phase One. 
Co For a co~stant stress rate, decreasing the stress range 
significantly increases concrete strains throughout the 
life history,as well as at failure,as shown in Fig. (5.11). 
5.4 Evaluation of Test Results 
5.4.1 Effect of Strain Rate on Behavior Under Static Loads 
The test data are in agreement with those obtained in previous 
investigations and therefore will not be discussed any further. 
504.2 Effect of Stress Rate on Behavior Under High Repeated Loads. 
The experimental results of Phase One and Phase Two have con-
firmed that the strength and deformations of concrete subjected 'Co high 
repeated loads are dependent on the rate of load application. In Fig. 
(5.12), the cycles to failure are given as function of the stress rate f·or 
(j = 0.90 and R = 0010, 0.5 and 0.90. These data clearly show that the 
max 
cycles to failure increase with increasing stress rate and/or decreasing 
stress range. A change in the stress rate and/or the stress range will 
influence the time span during which a specimen has to resist stresses 
60 
higher than a certain threshold stress, i.e., the "sustained load effect". 
For the same stress rate, increasing the stress range reduces the 
failure cycles, and therefore reduces this time, and thus, the "sustained 
load ll contribution to ultimate failure. For a given stress range, the 
lower the strain rate, the larger the llsustained load effect ll and the 
less the "cyclic effect". The role of sustained load and cyclic effects will 
be discussed further in Chapter 7 of this report. 
In addition to the effect of stress rate during a fatigue test, 
also the strain rate used in static tests of companion specimens, deserves 
attention: In Phase One the static tests were conducted at a strain rate 
of 10-5 in!in/sec and the fatigue tests were run at a stress rate of 
6000 psi/min. If ~he stress level for the fatigue test at a stress rate 
of 60,000 psi/min would be determined from static tests at a strain rate 
faster than 10-5 in/in/sec, then, the maximum stress used in the fatigue 
tests would be higher, and consequently, the number of cycles to failure 
lower than the values reported in this section. Under such conditions 
the effect of stress rate on the fatigue behavior of concrete may be con-
siderably less than that shown in Fig. (5.12). 
To further substantiate the effect of stress rate on the fatigue 
life of concrete subjected to high compressive stresses, a statistical 
analysis was performed to check the statistical significance of the dif-
ference between sets of data obtained for different stress rates. The 
analysis was based on the logarithm of the failure cycles. This analysis 
is described in more detail in Appendix A. The results for stress ranges 
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of 0,,90, 0.50: and 0010, respectively, are given in Tables (5.7), (5.8), and 
(5.9)0 The probability that a set of experiments falls within the range 
given by the data of this investigation was at least 76 percen~. Comparing 
results from tests at various stress r~tes and constant range of stress, 
consistently yielded a probability of 99.9 percent that the cycles to failure 
were higher the higher the stress rate. 
The variation of concrete strains at half-life and at failure 
with the range of stress qre given in Fig. (5.13). For comparison, ~he 
failure strain at a 
max 
leO, obtained in static tests which were conducted 
at 10-5 in/in/sec)is indicated at R = 1.00. It is evident that for a con-
stant stress rate 3 the strains are higher the lower the stress range. For 
a constant stress range,the strains increase with decreasing stress rates. 
Fig. (5.14) and (5,15) show the relationship between the 
failure strain and the number of cycles to failure for all specimens tested 
in this phase at stress rates of 600 and 60,000 psi/min, respectively. 
Fig. (5.16) gives a similar relationship for specimens tested in Phase One 
at a stress rate of 6,000 psi/mino Also included in these three diagrams 
are the average values of failure strains and cycles to failure for the 
various stress ranges and stress rates. Similar to the da'(a already re-
ported in Phase One~ Figc (4.35), there is a unique relationship between 
failure s'(rain~ Ex,U~ and cycles to failure, n , for a given stress raLe. u 
which is independent of the stress rangec Because of the increase in cycles 
to failure with a reduction of stress range,also the average failure strain 
increases as the stress range is reduced. This effect is most pronounced 
for low stress rates and less visible for high stress rates. Fig. (5.17) 
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sununarizes the relationship between the average failure strain for a given 
set of parameters, i.e.~ cycles to failure, stress range, and stress rate. 
Generally~ it may be concluded that Lhe strain at failure is larger, the 
longer the time a specimen spends aL a stress level larger -than a threshold 
505 Sununary and Conclusions 
The effect of speed of testing on static and fatigue strength of 
concreLe at high stresses was sLudied. The static loads were applied at 
-3 -5 -7 Lhree different strain rates: namely, 10 , 10 ,and 10 in/in/sec. 
The static stress-strain relationship obtained with a strain rate of 10-5 
in/in/sec was used to define the stress levels in repeated load tests. The 
same strain rate was used in applying the first cycle of a fatigue test. 
The fluctuating loads were applied at two stress rates, 600 and 60,000 
psi/min~ to supplement the stress rate of 6,000 psi/min at which all fatigue 
~esLs of Phase One were conducted. The results obtained were evaluated 
to show the effec~ of speed of testing on concrete strength and strains. 
The findings of this phase can be summarized as follows: 
a. The static stress-strain relationship is dependent on the 
strain rate. High strain rates cause a more significant 
increase in concrete strength, while low strain rates 
significantly increase the longitudinal strains. 
b. The rate at which companion specimens are loaded stati-
cally to failure and which is maintained during the first 
cycle of a fatigue test may influence the maximum stress 
and,thus, the number of cycles to failure of a fatigue test. 
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c. The number of cycles to failure is smaller and the failure 
strain is larger, the lower the stress rate maintained during 
repeated loads. 
do In the range of low cycle fatigue, lower stress rates in-
crease the llsustained load effect ll , while high stress rates 
increase the llcyclic effect!:. 
e. The effect of strain and stress rates further invalidate 
the uniqueness of the static stress-strain curve as a 
limiting strain failure criterion. 
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6 0 PHASE THREE: EFFECT OF HIGH REPEATED 
AND SUSTAINED LOADS ON 
SUBSEQUENT STATIC STRENGTH 
601 Introduction 
It has been stated previously that the significant effect of test 
frequency on the fatigue strength of concrete at high stress levels may 
be attribuLed to a combination of two parameters, namely, the number cf 
applied cycles and the length of time during which a specimen has to sus-
Lain stresses larger or equal to a certain threshold stress. In order to 
evaluate the experimental data accorciingly,it is necessary to determine 
the damage which occurs in concrete during either a sustained load or a 
fatigue test. It is assumed, for the time being, that the strength of a 
specimen (from here on referred to as the reloading strength) after a 
certain number of cycles, less than those causing failure, is a valid in-
dication of the amount of damage caused by cyclic loading. Likewise, the 
reloading strength of a specimen subject.ed to sustained loads for a time 
less than that to cause failure is an indication of sustained load damage. 
At first glance,one is in~lined to assume that during the course of a sus-
tained or ~epeaLed load test the initial static strength decreases pro-
gressively with time or number of applied cycles. The literature contains 
reports O~ a limited number of tests conducted to determine the variation 
of the static sLrength of concrete at different stages of its load 
history [4,14,39 5 43]. As reported earlier, data from these investigations 
suggest that the strength of concrete,after a limited number of load cycles 
havebeen applied,may either be unaffected or may even be larger than the 
strengLh of a specimen without previous load history. 
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The objective of this phase was to supplement these results by 
investigating the static strength of concrete prisms after they had been 
subjected to high repeated and sustained stresses. To avoid ambiguity, 
certain terms used in this section are defined here: 
a. Static strength, f 
cup average strength obtained by 
testing companion specimens, without previous load 
history, statically to failure at a straln rate of 
10-5 in/in/sec. 
b. Cycle ratio, N: ratio of number of applied cycles 
to number of cycles to cause failure. 
Co Time ratio, T: ratio of time a specimen is subj~cted 
to sustained stress to the time required to cause 
failure. 
d. Life ratio, L: refers to both Nand T, i.e., partial 
loading under fatigue or sustained loads. 
e. Reloading strength, f : strength of specimen 
cur 
loaded monotonically to failure after it has been 
subj ected to. a known life ratio. The reloading 
strength ratio, a = f /f gives the reloading 
cur cur cup' 
strength as a fraction of the static strength. a 
cur 
is equal to unity for L O. For L & 1.0, i.e., at 
failure, ° = a (or a ). 
cur max sus 
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6.2 Test Program and Procedures 
Details of mix proportions, curing, casting and preparation of 
specimens were already given in Chapter Three. All specimens were tested 
at an age of 28 days. Longitudinal and lateral strains were measured. 
This phase of the study comprises three subphases: 
Phase 3-A deals with the variation of the reloading strength 
of plain concrete prisms subjected to sustained loads at a constant stress 
level, 0 = 0.90. Specimens were subjected to time ratios of 0.30, 
sus 
0~60 and 0.90. The objective of Phase 3-B was to study the variation of 
reloading strength of concrete when subjected to cyclic loading between a 
maximum stress level of 0.90 and a zero minimum stress level. Cycle ratios 
of 0.30, 0.60 and 0.90 were investigated. 
Phase 3-C was similar to Phase 3-B, but the level of the maximum 
stress was 0.95. Specimens were subjected to cycle ratios of 0.20 and 0.40. 
The stress required to reach a certain stress level was deter-
mined by initially loading the specimen to a certain longitudinal strain, 
E£l' as described in Phase One. 
As pointed out previously, the scatter of experimental data in 
sustained load and fatigue testing is considerable even if specimens -from 
the same batch are subjected to the same type and magnitude of load and 
even if all other controllable factors are kept constant. However, it 
has also been noticed in Phase One, Fig. (4.22), that a specimen with a 
longer life exhibits larger longitudinal strains. This tendency was uti-
lized to determine the life ratio taken up prior to loading a specimen 
monotonically to failure. 
67 
To determine the duration of loading for specimeIEof Phase 3-A, 
after which a certain life ratio was reached, two sets of curves were pre-
pared from the data of Phase One for all specimens subjected to a 
sus 
0090 at an age of 28 days. The first set shows the variation of the longi-
tudinal strains with duration of loading and is shown in Fig. (4.22), while 
the second set gives the relation between longitudinal strains and the 
time ratio, Figo (4.42). For each new batch of concrete tested within 
subphase 3-A one or two additional specimens were tested to failure under 
sustained loads and these results were added to the data from Phase One. 
Figso (4.22) and (4.42) clearly show that for a given stress ratio the 
longer the time to failure the larger is the longitudinal strain observed 
after a given time ratioo For the reloading strength experiments of phase 
3-A,a record of longitudinal strain versus time was kept during each test 
and the values plotted in diagrams which contained the data shown in Fig", 
(4.22) . The time to failure, t , and thus, the longitudinal strain,cor-
u 
responding to a predetermined time ratio,was estimated assuming ~hat tu 
of the specimen being tested is equal to t of a specimen whose longitu-
u 
dinal strain-time relationship coincide~ with that of the partially loaded 
specimenry In several cases,extrapolation between two curves, from those 
closest to the strain-time relationship of the specimen for which thad 
u 
to be determined, was required. However, in general, it was fairly easy 
to determine the strain corresponding to the required time ratio. An 
example of the use of this procedure is shown in Fig. (6.7). In this way 
the specimens were subjected to time ratios of 0.30, 0.60 and 0.90. 
Once the desired time ratio was reached, the specimen was loaded to failure 
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to determine the reloading strength at that instant of its life history. 
For this, the same strain rate of 10-5 in/in/sec, used in the static 
tests and in initially loading the specimen to the level of the sustained 
stress, was used. 
In Phase 3-B, specimens were subjected to cycle ratios of 0.30, 
0.60 and O.90,at a maximum stress level of 0.90, before loading the speci-
mens statically to failure. To estimate the cycles to failure, n , sets 
u 
of curves similar to those of phase 3-A, and showing the variation of the 
longitudinal strains with the number of cycles and cycle ratio, were pre-
pared from the data of Phase One, for specimens subjected to 0 = 0.90 
max 
and 0 . 
mln ° and failing after various values of n. The number of cycles u 
to failure, n , and the longitudinal strain at which a certain cycle ratio, 
u 
N, had been reached, were determined employing a procedure similar to that out-
lined for_phase 3-A. 
Similarly, in phase 3-C, specimens were subjected to cycle ratios 
of 0.20 and 0.40, at a maximum stress level of 0.90, to determine their 
reloading strength. 
A total of 66 specimens was tested within this phase. Batches 
tested are designated by the letter B. Twenty-five specimens from Bl and 
B4 were tested within Phase 3-A, 29 specimens from batches B5 to BIO were 
tested for Phase 3-B and 12 specimens from Bll and B12 were tested for 
Phase 3-C. For each set of parameters (stress level and life ratio) ad-
ditional specimens were tested until the difference in test results, for 
the variables to be studied, became statistically significant. Details 
of testing and batch designations are given in Table 6.1. 
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6.3 Test Results 
6.3.1 Control Cylinders 
Concrete compressive strength was determined from 6 x 12 in. 
cylinders tested at an age of 3, 7, 14 and 28 day~ respectively. The 
variation of strength with age is given in Fig. (601). Figure (6.2) 
shows the strength as a ratio of the 28-day strength. 
For each of the 12 batches tested within this phase, three to 
four specimens were tested statically to failure at a strain rate of 10-5 
in/in/sec. Longitudinal and lateral strains were averaged, and are 
shown in Figs. (603) and (604). The same data are given in Figs. (6.5) 
and (6.6) where the stress is expressed as a ratio of the prism strength, 
f The longitudinal strain, Eol ' which marked the sustained and cup N 
maximum stress levels in sustained and repeated load tests for each 
batch, was determined as descrihed previously. 
60303 Effect of Sustained Loads on Subsequent Static Strength 
(Phase 2-A: a - 0.90) sus 
The results from tests,in which specimens were loaded to failure 
after a time ratio of 0.30, 0060 and 0.90 had been applied,are given in 
Table (602). The initial longitudinal strain, EQ,l' varied from 1.21 to 
1.39 x 10-3 in/in corresponding to an average of 1.22 x 10-3 in/in from 
the static stress-strain curves 0 The additional longitudinal strain 
accumulated during sustained loads, EQ,Q,' and the time required to reach 
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that strain,prior to reloading,varied over a wide range for each of the time 
ratios. This was to be expected from the results reported in Phase One of 
this work and shown here in Fig. (6.7). Also given in Table (6.2) is the 
reloading strength ratio at the corresponding time ratio. There is a 
noticeable increase in the reloading strength ratio for specimens loaded 
at a time ratio 'of o. 3-o~ while.' 'fhe-' reloading- strength- ratio of' specimens loaded 
at a time ratio of 0.90, is less than unity. To further substantiate this 
tendency a statistical analysis of the obtained data was conducted. A 
more complete account of this analysis is given in Appendix A. According 
to Table (6.3), the mean of the reloading strength at a time ratio of 0.30 
is 4.6 percent higher than the static strength, and 0.9 percent higher when 
the time ratio was increased to 0.60. For a time ratio of 0.90, the mean 
reloading strength was, however, 2.5 percent lower than the static 
strength. When these means were compared to the static strength, the mean 
values of the reloading strength at a life ratio of 0.30 and 0.60 gave a 
0.99 and 0.67 probability to be higher than the static strength. At a time 
ratio of 0.90 the reloading strength was lower than the static strength with 
a 00996 probability. A probability higher than 0.83 was obtained for the 
range of test data at each of the three investigated time ratios. In com-
paring the mean reloading strength ratio at each time ratio, a probability 
of 0.95 was obtained for the reloading strength ratio to be higher at T = 
0.30 than at T ... 0.60, and a probability of 0.97 that the reloading 
strength at a time ratio of 0.6 is higher than that at a time ratio of 
0.90. According to this analysis considerable confidence can be placed 
on the validity of the experimental data. 
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6 0 3 u 4 Effect of Cyclic Loads on Subsequent Static Strength 
(A) Phase 3-B: o 
max 
0.90 
Table (6.4) shows the results from tests conducted within this 
subphase. As expected, longitudinal strains and number of applied cycles, 
at a given cycle ratio~ varied over a wide range. A cycle ratio of 0.30 
resulted in an increase in the reloading strength ratio while a strength 
decrease was observed for the 0090 cycle ratio. Details of the statistical 
analysis are given in Appendix A, and Table (6.5) summarizes the results of 
this analysis. 
The mean reloading strength of the 10 specimens lo~ded to failure 
at a cycle ratio of 0030 showed an increase of 5 percent over the 
initial static strength. The mean of the 9 specimens subjected to N = 
0.60~ and the 10 specimens subjected to N 0.90, exhibited a de-
crease in reloading strength of 0.90 percent and 5.0 percent, respectively. 
When these means were compared with the static strength, the mean values 
of the reloading strength at a cycle ratio of 0.30 gave a probability of 
00999 to be higher than the static strength. At cycle ratios of 0.60 and 
On90 the mean reloading strength was lower than the static strength with 
0.79 and 0.999 probabilities, respectively. A probability higher than 
0082 was obtained for the range of test data at each of the three cycle 
ratios investigated. In comparing the mean reloading strength ratio at each 
time, a probability of 00999 was obtained for the reloading strength ratio 
to be higher at N = 0030 than at N - 0.60, and a probability of 0.997 to 
be higher at a life ratio of 0.60 than at 0.90. With such degree of con-
fidence it is reasonable to accept the validity of the experimental data. 
(B) Phase 3-C: (J 
max 
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0.95 
Results of the 12 specimens loaded to failure, after they had 
been subjected to cycle ratios of 0.20 or 0.40, are given in Table (6.6). 
The reloading strength showed only a marginal'increase for specimens 
loaded to failure at N = 0.20 and a marginal decrease for those subjected 
to N = 0.40. Nevertheless, the statistical analysis gave more than 0.90 
probability in the range of test data as shown in Table (6.7). The pro-
bability of the mean reloading strength at N - 0.20 to be higher than 
at N = 0.40 is 0.99. A probability greater than 0.99 was obtained that 
the mean of the reloading strength at N = 0.20 is higher and that at 
N ... 0.40 -it ~is lO"\Ver than the static strengtho_ 
The mean values of the reloading strength ratio are given as a 
function of the life ratio in Fig. (6.8), for all of the three subphases. 
By definition, the reloading strength ratio, (J ,is equal to unity for 
cur 
a zero life ratio. For a life ratio of unity the reloading strength 
ratio is equal to the initially applied stress level. 
6.4 Evaluation of Test Results 
It is hypothesized that concrete may undergo various stages in 
its response to concentric compressive load of high magnitude. During 
the initial stages the cement paste may be compacted, i.e., the spacing 
between the gel particles may be reduced, thus increasing the extent of 
Van der Waal's bonding; or residual stresses, caused by the drying 
shrinkage of the paste, may be relieved. Therefore, concrete strength 
may increase during this stage. Under load the weak bond between aggregate 
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and paste may start to fail resulting in microcracking and a gradual 
strength reduction. Near failure these interfacial cracks propagate 
through the mortar and are finally linked together to form a continuous 
failure plane. Tests reported in the literature were conducted in an 
attempt to explain qualitatively or quantitatively the effect of these 
strength increasing and strength decreasing mechanisms. These strengthening 
and weakening mechanisms are investigated within this phase by observing 
the variation of both reloading strength and deformation characteristics 
with life ratio throughout the loading history. 
604 01 Strength Data 
Figure (6.8) shows the variation of the mean reloading strength 
ratio with life ratio for all parameters studied in this phase. Although 
at first sight the strength increase above the static strength might seem 
small or even . insignificant , the following considerations may prove the 
opposite: For a maximum sustained stress level of 0.90 the applied loads 
have to cause a damage equivalent to a reduction of 10 percent of the static 
strengtho Since during an intermittent stage the reloading strength was 
increased by about 5 percent of the static strength, the damage has to be 
50 percent more before the reloading strength ratio reaches the applied 
stress level at failure. The same reasoning applies to both fatigue test 
serieso The effect of such an apparently small strength increase becomes 
even more apparent if we determine the increase in specimen life as a re-
sult of 5 percent reduction in the stress level. According to Phase One,Fig~ 
(4.9), a reduction of the maximum stress level from 0.95 to 0.90 would 
increase the failure cycles from 13 to 133 cyc,les. A similar decrease in 
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the level of the sustained stress would increase the time to failure from 
7 to 33 minutes. 
The results given in Fig. (6.8) suggest that the variation tif 
reloading strength ratio with life ratio is only a function of the magnitude 
of the maximum stress level, but that it is little affected by the stress 
range. This follows from a comparison of the data -obtained for sustained 
and repeated loads,which are almost identical for a stress level of 0.90. 
It is possible that for lower stress levels the maximum reloading strength 
ratio would be even higher,than 1.Op as shown in Fig. (6.8). This assump-
tion is supported by an observed increase of up to 15 percent when concrete 
specimens were loaded to one million cycles at a maximum stress level 
ranging. from 0.30 to 0.53 [4]. 
The higher increase in the reloading strength for lower applied 
stress levels,hypothesized above for the range of low cycle fatigue can 
be more clearly visualized with the aid of ,the",:d±agram1.1ietic s'ketch' given in 
Fig. (6.9). There, a possible variation of the maximum gain in the reload-
,ing strength ratio is given as a function of the applied maximum stress 
level. The data of phase three define but only a small portion of the 
curve. The boundary conditions for the reloading strength ratio are: 
a. a 
cur 
b. (} 
cur 
1.0 for a 0.0 
max 
1.0 for (} = 1.0 
max 
As shown in Fig. (6.9) the reloading strength ratio has to attain 
a maximum value at a stress level lower than 0.90 but higher than zero. 
Unfortunately, data obtained from previous investigations cannot be useql 
to better define the sought relationship, because there is no way to assess 
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the life ratio corresponding to the varying degrees of increase in static 
strength, reported in the literature. 
Figure (6.8) also shows that the reloading strength was larger 
than the static·strength for an average life ratio of 0.60 at a stress 
level of 0.90. Only during the final 40 percent of the life did the 
damage cause a reduction of the reloading strength below the static strength. 
For a stress level of 0.95, the· reloading strength reniained higher than 
the static strength for life ratios up to 0.30. 
60402 Strain Data 
In this section,concrete strains will be analyzed to see whether 
they reflect the extent of damage caused by the applied loads throughout 
concrete life. 
In the following, it will be tested whether the extent of damage, 
expressed by a certain reloading strength ratio, can be estimated from 
the concrete sttain~ s~l + s~~,where s~l corresponds to the strain im-
mediately after load application, and sZ~ is the additional strain ac-
cumulated during sustained or repeated loading. From a practical viewpoint, 
it would be of particular interest to find whether a certain concrete 
strain, below which concrete damage is insignificant, can be defined. 
Figo (6.10) shows the relationship between the reloading 
strength ratio and the strain ratio for specimens subjected to a sustained 
stress level of O~90. The strain ratio is defined as the ratio between 
the total strain prior to reloading to failure, s~l + s~~, and the 
estimated failure strain, s~u' which would have.been obtained had the 
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specimen been subjected to the sustained stress until failure. The pro-
cedure for estimating the failure strain, E~u' and the failure time, 
t , has already been given in section 6.2. Also shown in Fig. (6.10) 
u 
are the mean values of the reloading strength ratio at time ratios of 
0.30, 0.60, and 0.90. The average line drawn through the mean values 
also represents the individual data points satisfactorily. A similar plot 
is given in Fig. (6.11) for the repeated load tests,where the maximum 
stress level is 0.90. For convenience, the data from all subphases are 
summarized in Fig. (6.12). In Fig. (6.12), for a stress level of 0.90, 
the strain ratio at the time of load application, i.e., E~~/E~u' for the 
sustained load data,is lower than that for the repeated loads,because 
the failure strain for sustained loading is higher than for repeated 
loads (Phase One, Fig. (4.46). Increasing the maximum stress level to 
0.95 increased the initial strain and decreased the failure strain, so 
that the initial strain ratio was even higher than for the 0.90 stress 
level fatigue test. The following conclusions were drawn from these 
diagrams. 
a. For both repeated and sustained loading and at a maximum 
stress level of 0.90,the reloading strength continued 
to be higher than the initial static strength from the 
time the loads were applied until the concrete strains 
reached approximately 70 percent of their value at failure. 
This unique strain ratio was attained at a life ratio of 
about 0.60. 
h. Although at a stress level of 0.95 the rise of the reloading 
strength above the static strength 'was only half of that 
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at 0.90, the reloading strength continued to be higher. until 
the concrete strains were approximately 70 percent of their 
failure value. However, this s~rain ratio was reached at a 
life ratio of about 0.30. 
c. From the limited data available it may ther~fore be con-
cluded tentatively that under both sustained or repeated 
loading at different stress levels,the reloading strength 
is equal to or larger than the initial static strength,as 
long as the total strain is less than 70 'percent of the 
failure strain for a given load condition. 
Finally, it was tested whether the rate of change of longitudinal 
strains and the variations of volumetric strain during a fatigue or sustained 
load test can serve as an indication of the reloading strength,and -thus the 
damage accumulated during the test. 
In Fig. (6.13), the variation of rate of change of longitudinal 
strain wi~h life ratio, d(E1l + E11)/dL, is given for both sustained and 
fatigue tests at a stress level of 0.90. These data are an average of four 
testso Also included in Fig. (6.13) is an average plot of the reloading 
strength ratio-life ratio relationship for the sustained and fatigue testso 
Initially, the rate of change of strain decreases sharply. At a time ratio 
of 0050 for the sustained load tests, and a cycle ratio of 0.40 for the 
fatigue tests, the rate of change of strain reaches a minimum. For a 
life ratio greater than 0.60, the rate of change of strain incJ:,eases 
rapidly for both tests up to a maximum value at failure. Comparing the 
variations of the rate of change of strain and the reloading strength 
with the life ratio shows that the initial rapid reduction of the rate of 
78 
change of strain conforms with the increase in reloading strength ratio. 
The rate of change of strain assumes a stable value when the reloading 
strength ratio reaches its maximum value and starts to decrease. At a 
life ratio of about 0.60, the rapid increase in the rate of change of 
strain corresponds to a stage where the reloading strength decreased to 
a value equal to the static strength. Thus, if one defines the strengthen-
ing mechanism interval as the life ratio during which the reloading strength 
ratio increases from unity to its maximum value, then it can be concluded 
that the strengthening effect prevails during the initial rapid decrease 
of the rate of change of strain. On the other hand, the weakening 
mechanism is indicated by the stabilization of the rate of change of strain 
and its rapid increase to failure; the transition point being an indication 
of a unity reloading strength ratio of 1.0. 
The strengthening and weakening mechanisms can also be quali-
tatively defined by comparing the volumetric strain-life ratio relationship 
with the reloading strength ratio-life ratio relationship. Fig.· (6.14) 
shows the variation of the volumetric strain and reloading strength ratio 
with life ratio for sustained and fatigue load tests at a stress level of 
0.90. In each case,the volumetric strain is an average of four :tests. 
The volumetric strain exhibits an initial increase to reach its maximum 
value at a life ratio of about 0.30 for the sustained load,and at a life 
ratio of about 0.20 for the fatigue load tests. For both tests~and at an 
approximate life ratio of 0.50, the volumetric strain starts decreasing 
rapidly to reach a negative value before failure,indicating a volume in-
crease rather than a volume decrease. Comparing the variation of the 
volumetric strain with that of the reloading strength ratio shows that 
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the initial increase of the volumetric strain corresponds to the initial 
increase of the reloading strengt:h. The reloading strength ratio de-
creases to a value of unity when the volumetric strain decreases rapidly 
to its. initial value 0 Thus, it can be concluded that the strengthening 
mechanism interval is indicated by the initial increase in volumetric 
straine The short st:abilization period in volumetric strain with life 
ratio and its rapid decrease to a negative value before failure indicate 
that the weakening mechanism dominates. The transition point is an 
indication of a reloading strength ratio of 1.0. 
It: is worth noting that the variation of lat:eral strains and 
the differential strain of a cycle, E - E . , as well as Poisson's 
max mIn 
ratio,with the number of applied cycles, exhibited similar stages. Thus, 
it can be stated that generally, the variation of concrete st:rains, Pois-
son's ratio and modulus of elasticity (proportional to E - E • ) with 
max mln 
life ratio, shows the competing process of st:rengt:hening by compaction and 
weakening by microcracking. Initially, the strengthening effect is dominante 
For intermediate life ratios, the strengthening and weakening mechanism 
balance each other. The final st:age is characterized by the dominance 
of the weakening effect;,which leads t:o reduction of st:rengr:h "CD the level 
of the applied loads at: failure. 
6.5 Summary and Conclusions 
Concrete specimens were subjected to predetermined life ratios 
at a sustained stress level of 0.90 and £a:cigue stress level of 0.90 and 
Oo9S,and. then were tested stacically to failure to determine their reloading 
strength o Longitudinal and lateral strains were measured. The statistica.l 
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analysis. performed on the experimental data resulted in a high degree of 
confidence and thus justified the following conclusions: 
a. The variation of the reloading strength ratio with the 
life ratio is dependent on the magnitude of the maximum 
stress level, but is independent of the stress range. 
b. For a stress level of 0.90, the re1~ading strength is 
higher than the static strength as long as the life ratio 
is less than 0.60. A maximum gain in strength of 5 per-
cent was obtained when the maximum stress level was 0.90. 
This increase dropped to 2.5 percent when the maximum 
stress level was increased to 0.95. Results from other 
inv~stigations indicate that this strength increase would 
be larger for lower maximum stress .levels. 
c. The reloading strength is higher than the static strength, 
as long as the concrete strains are less than about 70 
percent of their failure value. This strain ratio was 
obtained at a life ratio of 0.60 for a maximum stress 
level of 0.90,and a life ratio of 0.30 for a maximum stress 
level of 0.95. 
d. The variation of concrete longitudinal, lateral, and 
volumetric strains,as well as Poisson's ratio and elastic 
modulus with life ratio,ga~e a good qualitative indication 
of strength variation. The initial rapid increase of 
concrete strains is a reasonable manif~station of the 
strengthening mechanism resulting from compaction of the 
matrix and/or relief of residual stresses. The stabilization 
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of strains for intermediate life ratios, and their 
rapid increase near failure are indicative of the weaken-
ing mechanism due to progressive failure, and thus 
reduction of strength to reach the applied stresses at 
failureo The same behavior was observed for the 
variation of the rate of change of longitudinal strain 
and the volumetric strain with life ratio. 
7.1 Obj ective 
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7. CUMULATIVE DAMAGE OF CONCRETE 
SUBJECTED TO HIGll REPEATED LOADS 
It has been hypothesized in previous chapters that plain concrete 
response to high repeated loads is both cycle- and time-dependent. It was 
hypothesized, furthermore, that the cycle-dependent effect is a function of 
maximum stress and stress range, while the time-dependent effect is only a 
function of the maximum stress and the time concrete has to resist stresses 
higher than a particular threshold stress, above which crack propagation or 
"damage" may occur under sustained stress. 
In this chapter an analytical model will be formulated to express 
the cycle- and time-dependent effects separately, so that the response of 
plain concrete to high repeated loads can be predicted. Both number of 
cycles to failure, and total longitudinal strain at failure, will be dealt 
with. The analytical model will reflect the effect of maximum stress level, 
stress range, and stress rate. However, hydration effects will not be 
considered. 
Two analytical models will be developed: the first model is 
used to predict cycles to failure. It is based on the extent of "damage" 
caused by repeated loads. The second model is used to predict the longi-
tudinal strains at failure, and is based on cycle- and time-dependent strains. 
7.2 Justification of Analysis 
The hypothesis, that concrete response to high repeated loads, 
is cycle- and time-dependent, has been derived from the experimental data 
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reported in the previous chapterso Within Phase One, it has been noted 
that for maximum stress levels, a = 0.90 or 0.95, a reduction in 
max 
range of stress, below a certain value, increases the cycles to failure 
only little. However, for lower stress levels the cycles to failure in-
crease rapidly with decreasing stress rangee 
At high stress levels concrete has to sustain stresses well 
above its sustained ldad strength, so that failure may eventually occur 
even if the stress were kept constant. Under such conditions, the time 
to failure may be more significant than the actual number of cycles. Since 
a reduction of the stress range, for a given stress rate, does not decrease 
the time per cycle during which the specimen has to sustain a stress larger 
than the sustained load strength, the time the specimen has to sustain 
high stresses is constant for a given number of cycles and may be the 
controlling factor. The data obtained in Phase Two showed that concrete 
response to high repeated stress is less dependent on stress range, but 
highly influenced by the stress-rate, and the cycles to failure increase 
significantly as the s~ress rate increases. This is particularly true for 
small stress ranges, Fig. (5.8), and again the total time to failure, 
rather than the number of load repetitions, may be governing. 
The deformation characteristics of concrete subjected to high 
repeated loads are also time-dependent, Fig. (5.10), both during the test 
and at failure. Failure strains are higher, the slower the stress rate, 
i.e., the longer the time spent at high stresses. 
From the foregoing, it seems justified and feasible, at least in 
theory, to be able to formulate analytical models which express concrete 
failure cycles and failure strains as cycle- and time-dependent portions, 
thereby predicting plain concrete behavior in the range of low cycle fatigue. 
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7.3 Analytical Models 
7.3.1 Damage 
The term "damage" is used here to define a state of a material 
in which the applied loads have caused the strength of the material to fall 
below its initial static strength. In the case of concrete, such damage 
may correspond to a particular state of crack intensity or crack propaga-
tion. By definition, damage is equal to unity at failure. 
7.3.1 The Approach 
Many problems arise in formulating an analytical model to predict 
low cycle fatigue damage of plain concrete. Consequently, several simpli-
fying assumptions had to be made initially. Some of these assumptions have 
to be revised, later on, to achieve better agreement between results, as 
predicted by the model, and the observed data already reported in earlier 
chapters. Three phenomena observed in the experiments deserve particular 
attention when formulating such an analytical model: 
a. Repeated and sustained loads affect concrete differently 
at different stages of the load history. Although concrete 
continues to deform at varying rates during a fatigue test, 
its reloading strength stays above its initial static 
strength for a considerable portion of the total life as 
shown in Fig. (6.8) of Phase Three. Thus, the applied 
loads are said to cause "hardening". The hardening 
period is followed by a stage during which "damage" or 
progressive microcracking dominates, so that the reloading 
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strength is less than the initial static strengthc However, 
in the following analysis, the hardening effect is not 
taken into account and it was assumed that concrete, after 
being subjeoted to a certain life ratio, during which no 
damage or hardening occurs, undergoes a progressively in-
creasing damage until failure. 
b. To describe the behavior of concrete under sustained loads, 
a definite maximum stress can be given below which concrete 
will not fail or is not progressively damaged 0 This thres-
hold stress is referred to as the sustained load strength. 
In fatigue loading, however, especially for large stress 
ranges, the choice of a threshold stress, below which time 
effects do not have to be taken into account, is rather 
arbitrary because damage or microcracking, initiated at a 
high stress, may continue to propagate also at stresses 
less than the sustained load strength.. For small stress 
ranges, where the minimum stress level is larger than the 
sustained strength, the minimum stress may be a proper 
choice for the threshold stress. 
c. Even if (;ycl~ and tima-·dependent damage, occurring in low 
cycle fatigu.e, ean be succ.essful1y expressed independent 
of each other, the superposition of the two damage com-
ponents, to predict total behavior, is a subtle matter 
which may introduce unpredictable errorsc 
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In the following, three different models, to describe low cycle 
fatigue behavior of concrete, will be analyzed, and the various problems 
described above will be taken into account to varying degrees. 
7.3.1.2 First Model 
The following assumptions are made: 
1. Hardening action exhibited at the earlier part of the life 
of the specimen is neglected, and damage is assumed to propagate 
from the time loads are applied until failure. 
2. Cycle-dependent damage accumulates linearly with the applied 
number of cycles to failure. 
3. Time-dependent damage is caused only by stresses higher 
than a certain threshold stress, and the damage accumulates 
linearly with time until load. 
4. The threshold stress, ash' is assumed to be equal to the 
sustained load strength of concrete as long as the minimum 
stress, in the fatigue test, is below the sustained load 
strength. If the minimum stress is larger than the 
sustained load strength, the threshold stress is assumed to 
be equal to the minimum stress. 
5. Total damage, in a fatigue test, is determined by simple 
addition of the cycle- and time-dependent damage portions. 
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(a) Cycle-Dependent D.amage 
Let n be the actual number of cycles causing failure of a specimen 
u 
subjected to high repeated loads at a particular stress rate. If time 
dependent damage can be eliminated, i.e., if the stress rate ratio, S, were 
infinite, then the specimen would resist n cycles until failure~ where o . 
n > n. In the following,n .is referred to as the number of cycles to 
o U 0 
failure under pure fatigue conditions. Assuming linear damage accumulation 
the cycle-dependent damage in an actual fatigue test after n cycles, 
therefore, is: 
D 
n 
(b) Time-Dependent Damage 
n 
n 
o 
(7.1) 
In the fatigue tests the loads were increased or decreased at 
a constant stress rate ratio, S. In order to calculate the time-
dependent damage occurring during a particular cycle, the stress-time 
history, of a repeated load test, above the threshold stress level, ash ' 
is approximated by a step function, in which a constant sustained stress 
level, 0, acts for a finite time ~t. If the time t~ failure under a 
constant stress, a, is t then the damage caused by this stress level 
u 
during the time increment 6t is: 
~t 
t 
u 
For half a cycl.e, this stress level, 0, varies from a lower 
limit equal to the threshold stress level, ash' to an upper limit equal 
to the maximum stress level, ° 
max 
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Now, as ~t ~ dt, the total time dependent damage for a complete 
cycle is: 
dt 
t 
u 
since linear accumulations of damage with time was assumed, each cycle 
causes the same amount of time-dependent damage and after n cycles one 
obtains: 
or 
dt 
t 
u 
Since the loads are applied at a constant stress rate, 
da 
9t s 
1 dt = - do S 
To express t in terms of the sustained stress level, 
u 
(7.2) 
(7.3) 
experimental data obtained within this study, Chapter 4, Phase One, and 
elsewhere [7,35] are given in Fig. (7.1). The data are approximated 
reasonably well by: 
t 
u 
240 ( I - a )2 
a/a 1 
s 
with a 
s 
0.70 and t in minutes. 
u 
Substituting Eq. (7.3) and Eq. (7.4) 
a {max [ a/a Dt :;OS ,_ . ,)s -1 - a 
ash 
in Eq. {7.2) yields 
IJ do 
(7.4) 
(7.5) 
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It should be noted here that such a simple integration was 
possible only because of the assumption of linear damage accumulation. 
If a non-linear damage accumulation is assumed a complex integral would 
have been obtained which could not be readily solved and a step-by-step 
integration process of the loading anq unloading parts of each applied 
cycle, would be necessary. 
damage: 
or 
Integrating, Eq. (705) one obtains, fox the time-dependent 
_1_2[(Omax -°sl 
120 0" 1 - 0" 
sus max 
2 (0 sh - Os J 
1 - 0sh 
+ 2(0 - 0 h) + 2 (1 - 0 ) log 
max sse 
K Q. 
'I B 
where kl is equal to the expression between the b:rac.kets{(}). 
and 
According to assumption 4, the threshold stress, 0 sh' is 
(J sh ~ o . nun 
o 
s 
if O. > 0' 
ml.n s 
if 0. ~- 0 
ml.n s 
(c) Combined Damage 
In accordance with assumption 5, the t.otal damage caused by 
cycles of repeated loads, applied at a cons tant stress xate, S, is: 
D = D + D tn n t 
(7.6) 
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Substituting Eq. (7.1) and Eq. (V.6) for D and D , results in: 
n t 
n 
n 
o 
+ K .£ 1 S 
At failure, 
and 
n n 
uc 
Dtn = 1.0 
With these conditions, Eq. (7.7) can be rearranged to read: 
n 
uc 
n 
a 
n 
a 
S 
The above equation yields a theoretical number of cycles to 
(7. 7) 
(7.8) 
failure, n
uc
' which can be calculated if the failure cycles for pure fatigue, 
no' are known. The calculated failure cycles, n , are equal to the pure uc 
fatigue failure cycles, n , if the loads are applied with an infinite speed, 
a 
i.e., S - 00, since the time-dependent damage is zero. A reasonable method 
to estimate n will be to rearrange Eq. (7.8) to express n as a function 
a a 
of n 
uc 
By substituting the observed failure cycles, n , for n , for 
u uc 
each studied parameter, a value of n can be calculated. Then Eq. (7.7) 
o 
reads: 
n 
a 
n 
u 
Experiments were carried out at a maximum stress level, 0 
max 
0.90, stress ranges, R = 0.10,0.50, and 0.90, and at stress rates, 
o 
(7.9) 
S = 0.15, 1.5 and 15 psi . . ml.n 
PSl. 
(note that S = flf where f = 4000 psi), 
cup cup 
Fig. (5.8). 
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For low values of S, the time-dependent damage is dominant so 
that n is very insensitive to variations in n 0 Therefore, for each 
u a 
stress range, and 0" = 0~90, n was calculated only from the data ob-
max 0 
tained for the fastest stress rate, i.e., S = 15. The results are 
given in Table (7.1). Then, Eq, (7,8) was used to calculate n for 
uc 
the different stress ranges and stress rates as shown in Table (7.2). 
For a s tress range of R = 0.10, n eould not be determined because, 
uc 
under the assumptions made in deriving the model, the time-dependent 
damage alone would be larger than unity. 
Agreement between calculated and observed experimental data 
is poor. However, both experimental and calculated failure cycles 
show the s arne trend. The dis crepencies between analysis and tes ts 
may be attributed to the assumption that the cycle- and time-dependent 
damages propagate progressively from the beginning of the test until 
failure (Assumption I). This assumption contradicts the experimental 
findings of Phase Three, Chapter 4, which show that the material 
initially hardens resulting in a strength higher than its initial 
strength. In fact, for a maximum stress level of 090, hardening 
dominates up to a life ratio of 0.60. Consequent.ly, the first: model was 
revised accordingly. 
7.3.103 Second Model 
In this model, it will be assumed that the applied loads have 
no effect from the time the loads are applied until a c.ertain life ratio 
has been reached. Thereafter, the two damage components propagate 
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linearly until failure. Assumptions 2, 3, 4, and 5, of the first model, 
are retained. 
With zero damage up to a life ratio of n, damage can be ex-
pressed as follows: 
a. The cycle damage caused by a cycle ratio (1 - n) is 
D 
.n 
n 
uc 
n 
o 
(7.l0a) 
where 1 (1 - n)n 
o 
is the damage per cycle caused by pure 
fatigue loading. I.: 
b. The time-dependent damage also propagates through a life 
ratio of (1 - n), thus: 
n 
uc 
S 
where Kl is given by Eq. (7.6). 
With K = 2 (1 - n) K - 1 (7.l0b) 
one obtains 
n 
D = t K ~ 2 S (7.10 c) 
c. The combined damage at failure is thus given by: 
n n 
1.0 = uc + K2 
uc 
n S 
0 
or 
n 
0 
n 
En. uc 1 + K2 S 
(7.11) 
and 
n 
u 
n 
0 n 
(7.12) 
l-K ~ 2 S 
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Eq. (7.11) and Eq. (7.12) correspond to Eqo (7.8) and Eq, (709) 
of the Firs t Model. 
To calculate the pure fatigue 'failure cycles, no' K2 has to be 
determined from Eq. (7 .10b). The following value's were obtained. 
For R 0.10 0.912 X 10-3 (7.l3a) 
for R .. 0.50 and 0.90 ("7.13b) 
As described earlier, Eq. (7.12)' was used to calculate the pure 
fatigue failure cycles, n , for the various stress ranges, using the re-
o 
suIts from the fatigue tests at the highest srress rate. The calculated 
values for n are given in Table (7.1). The largest difference between 
o 
nand n was observed for the smallest stress range, an expected result, 
a u 
because the smaller the range the greater the time-dependent damage, and 
thus, the fewer the observed fatigue cycles. 
Using Eq. (7.11) the theoretical failure cycles, n ,were cal-
uc 
culated for each parameter and are compared with the experimental data 
in Table (702). They are also shown in Fig. (702). For R = 0" 10, the 
agreement is acceptable. However, the difference between calculated and 
observed values increases with increasing stress range. 
In determining the K2 values of Eqo (7.11), the threshold stress 
level, ash' was justifiably assumed to be equal t~ c
min when R = 0.10, 
For the stress range of R = 0050 and 0,90, ash was assumed to be equal 
to the sus tained load strength, (] = 0 c 70. Thus, any time-dependent 
s 
crack propagation or damCiige occurring at stresses lower tha.n the sustained 
strength was neglected. Therefore, the time-dependent damage may have 
been underestimated 9 so that, the calculated failure (;ycles are signifi-
cantly higher than the experimental data. For the highest stress rate, 
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this discrepency fades away as time effects contribute only little to the 
total damage. Maintaining the general approach to distinguish between 
cycle- and time-dependent damage, better agreement between experiments 
and analysis may be obtained if we assume the threshold stress to be 
stress range dependent for a constant maximum stress level. Such an 
assumption has been made and is described in the foll'owing section. 
7.3.1.4 Third Model 
In addition to the assumptions made in deriving Eq. (7.11) for 
the Second Model, it is now assumed that for a constant maximum stress 
level the threshold stress decreases with increasing range. Since the 
choice of particular values for ash is arbitrary, the validity of a 
certain value for ash could only be checked by comparing calculated and 
experimental failure cycles. 
differen t 
The following values were assumed for the threshold stress: 
a . 
nun 
for a. > a IDln s 
0.74 - 0.20R for a. < a IDln s 
The two conditions yield the following values of ash for the 
stress ranges: 
R = 0.10 ash 0.80 
R 0.50 ash 0.65 
R 0.90 ash 0.55 
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The resulting K values, now designated as K3 , were calculated 
and used in the evaluation of Eq. (7.11) and Eq. (7.12) in place of K2 . 
The results are summarized in Table (702) and Fig. (7.3). It can be seen 
that the calculated failure cycles, as predicted by the Third Model, 
agree very well with the observed values for the stress ranges and stress 
rates investigated. 
7.3.1.5 General Considerations 
The First Model for damage of concrete subjected to high repeated 
stresses resulted in calculated failure cycles which were, except for 
R = 0.90, much smaller than the observed values, because the time-
dependent damage was overestimated. By introducing the "damage life", 
(1 - n), in the Second Model, excellent agreement was achieved for 
R = 0 .10. An equally good agreement was obtained for R = 0.50 a.T1d 0.90 
after the threshold stress was defined, arbitrarily, to be stress range 
dependent. 
In reali ty, these refinements of the ini tial assumptions, 
leading to the various models, are adjustments of the time-dependent 
damage such that the resulting calculated failure cycles compare well 
with the experimental data. Although good reasons for these adjustments 
were given, it could also be concluded that the cycle- and time-dependent 
damage can not be simply superimposed, or added arithmetically, to pre-
dict failure cycles of concrete subjected to repeated high loads. 
Instead of using the arguments which lead to the Second and 
the Third Model, agreement between experiment and analysis can also be 
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ob tained by arbi"trarily adj us ting the time-dependent damage, with a stress 
range-dependent factor, K4 . If damage at failure is expressed by: 
1.0 
n 
uc 
n 
o 
+ 
then the following values for K4 result in excellent agreement between 
analysis and test data: 
For R= 0.10 ; K4 0.752 X 10-
3 
For R 0.50 ; K4 1.632 X 10-
3 
For R 0.90; K4 6.12 X 10-3 
7.3.1.6 "Relative Magnitude of Cycle- and Time-Dependent Damage 
(7.14) 
(7.l5a) 
(7.l5b) 
(7.15c) 
In the following, the interplay between cycle- and time-dependent 
damage will be discussed. The ratio between cycle-dependent and time-
dependent damage is defined as: 
D 
n 
where Dn is the cycle-dependent damage and Dt is the time-dependent 
damage, hence: 
a. = 
n 
uc 
n 
o 
B B 
The a-values were calculated according to the Third Model. 
Fig. (7.4) shows the relationship between a and the stress range for 
(7.16) 
(7.17) 
o = 0.90. With decreasing stress range and decreasing rate the cycle-
max 
dependent damage is reduced rapidly and is only a small fraction of the 
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time-dependent damage; e.g., for a stress rate of 600 psi/min and a stress 
range of 0.90, only 6 percent of the total damage at failure is caused by 
the cyclic component. In general, it can be concluded that behavior of 
plain concrete subjected to high repeated stress is significantly con-
trolled by the sustained load action 
7.3.1.7 General Interpretation of Strength Data 
Using the Third Analytical Model, the experimental data, obtained 
in Phase One, were explained. Fig. (7.5) gives the relationship between 
calculated and observed cycles to failure for 0 = 0.90. AlSD included 
max 
are the failure cycles for pure fatigue, n , as a function of the stress 
o 
range. The following observations were made: 
a. The pure fatigue failure cycles represent the expected 
tendency satisfactorily, approaching an infinite value 
for a zero stress range, 
bo The higher the stress range, the larger the cycle-
dependent damage 0 Therefore, at high stress rates the 
observed failure cycles are close to the estimated values 
for pure fatigue" 
c. For small stress ranges and low stress rates, both ob-
served and calculated values show the domineering influenc.e 
of the sustained load actiono This is evidenced by the 
small increase in failure cycles with a reduction of the 
range, since the average lines assume an orientation almost 
parallel to the stress range axisc This phenomenon fades 
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away with increasing stress range and/or stress rate. 
For the relation between cycles to failure and stress 
range, the limit is given by the pure fatigue condition. 
d. The cycles to failure under pure fatigue should also 
be dependent on the maximum stress level. However, no 
dependable values for n at a = 0.95 and 0.85 can be 
o 
given, because for these stress levels only one stress 
rate ([3 = 1.5) was investigated. Nevertheless, the 
observ·ation given in (c) can explain, qualitatively, 
the behavior of the specimens tested in Phase One for 
a 
max 
0.95, 0.90, and 0.85 as shown in Figs. (4.9 and 4.10). 
For a = 0.95, the cyclic effect governs failure only 
max 
at large stress ranges; while the sustained load action 
dominates at smaller s tress ranges; the refore, below 
R = 0.50, the relation between Rand n is almost verti-
u 
cal. Reducing the stress level to a = 0.85 reduces 
max 
the time-dependent damage even at low stress ranges. 
Thus, the observed failure cycles continue to increase 
with decreasing R. 
7.3.2 Failure Strain 
In the following, an analytical model, to predict the longi-
tudinal failure strain of plain concrete subjected to high repeated 
stresses, is described. The model will be formulated for a maximum stress 
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level of 0.90 to allow comparison of the predicted failure strains with 
experimental data obtained within Phase One and Phase TwOo 
7.3.2.1 The Approach 
It is assumed that the failure strain of concrete, under high 
repeated loads, consists of the following components: 
(a) .An initial "elastic" strain, s.Q,l' which depends on the 
maximum stress level. It is the strain which is ob-
served at the maximum stress level of the first load 
cycle, or at the beginning of a sustained load testo 
Naturally, this value is not a pure "elas tic" strain 
but includes an irreversible component" 
(b) A cycle-dependent strain, s.Q,n. 
Cc) A time-dependent strain, s.Q,t' caused by stresses above 
the sustained load strength, f 0 
s 
Cd) A creep strain, s.Q,c' which is caused by stresses be-
low the sustained load strength. 
Thus, a calculated failure strain can be expressed as: 
S.Q,uc 
This approach is jus tified by previous experimental eviden c.e, 
which shows that, for a constant maximum stress level, concrete deformation 
characteris tics are s tress range as well as s tress rate dependent" 
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7.3.2.2 The Model 
The strain components given by Eq. (7.18) will now be evaluated, 
independently, and thereafter superimposed to determine a theoretical 
failure strain, En . Their values will be compared with the experimental ;!vuc 
values, EILu ' from Phase Three. 
(a) Initial Elastic Strain, EILI 
thi~'is the strain given by the stress ratio-strain relationship 
which is obtained at a strain rate of 10-5 in/in/sec, for a stress level 
o = 0.90. This strain rate was used for the initial load application in 
all fatigue and sustained load tests. From Fig. (4.46) an average value 
of 
EILl 
--3 . 1.40 X 10 in/in (7.19) 
was obtained. 
(b) Cycle-Dependent Strains, EILn 
To define this strain component, the failure strain of concrete, 
under pure fatigue conditions, E9vno ' has to be determined. Based on the 
observed failure strains shown in Fig. (4.46), the strain given by the 
descending portion of the stress-strain curve minus the initial elastic 
strain seems to be a reasonable choice. If a linear accumulation of the 
* strain, E9vn , with pure fatigue cycles, no ,is assumed, then the cycle 
* The assumption of a linear strain accumulation is of course not in close 
agreement with experimental data. However, analysis of failure strains, 
using more realistic strain-cycle or strain-time relationships, is ex-
tremely difficult and does not promise to yield significantly different 
results. 
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dependent strain is readily given as: 
E,Q,n 
n 
uc 
n 
o 
(c) Time-Dependent Strain, E,Q,t 
E,Q,no (7.20) 
This portion of the failure strain can be evaluated by an ap-
proach similar to that already used to evaluate the time-dependent damage. 
By assuming that a sustained stress level, 0, acts over a finite time 
interval, ~t, during each half cycle, and again assuming a linear strain-
* time reiationship ,the time-dependent strain accumulated in one cycle can 
be expressed by: 
E = 2 - E [
dt 
,Q,tl tu ,Q,tu (7.21) 
then the total time dependent strain after n cycles can be expressed as 
uc 
follows: 
(7.22) 
where, En is the time-dependent failure strain under the sustained 
x,tu 
stress, a o 
The integration of Eq. (7.22) has to be performed for a stress 
interval varying from a threshold stress, ash' to the maximum stress level, 
a 0 
max 
tively. 
The terms dt and t are already given by Eq. (7.3) and (7.4), respec-
u 
To formulate a relationship between En and a, the failure strain 
x,tu 
envelope for sustained stress~ as given in Fig. (4.46), was used. For each 
sustained stress level~ the time-depe~dent failure strain, E,Q,tu' is the 
total strain at failure less the initial elastic strain, E,Q,l. Fig. (7.6) 
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shows the variation of En with the sustained stress level, 0. The 
x.,tu 
experimental data can be approximated by: 
E9vtu = 18 (1 - 0) (7.23) 
yields: 
with 
follows: 
The substitution of Eq. (7.3, 7.4, and 7.23) in Eq. (7.22) 
3 K 20 
n 
ue 
S 
0 
r 
J 
ash 
max 
K 
0 1)2 (- -
0 
s dO' (1 a) 
(7 .24a) 
(7~24b) 
The level of the threshold stress level, ash' was defined as 
a . 
mln 
a 
s 
if 
if 
a. > a 
mln s 
a. < a 
mln s 
The K-values for the different stress ranges were calculated ac-
cordingly to determine the time-deuendent strain given by Eq. (7.24a). 
(d) Creep Strain, E£C 
Although this is a time-dependent strain, similar to E9vt , it is 
treated separately for convenience. The term E9vc is the time dependent 
strain accumulated during the time the specimen has to resist stresses 
lower than its sustained load strength. This strain was estimated using 
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the rate of creep method [32]0 Let us assume that creep is proportional 
to stress and can be expressed by: 
where c 
c = w (t) 
creep under a constant stress of 1 psi. 
For a stress f acting during a time interval dt, 
dE 
C 
dc 
= f - dt dt 
where E = creep strain caused by a stress f. 
c 
Thus the total creep strain at time tis: 
E 
C 
t 
~f 
o 
f . dc 
dt 
where f may be a function of time. 
dt 
(7.25) 
(7.26a) 
(7.26b) 
For half a cycle of a constant stress rate fatigue test, the 
stress, f, is a function of time, and is given by: 
o 
f = f(t) = ft + f . 
mln (7.27a) 
The upper limit of the integral in Eq. (7.26b) will correspond 
to the time required to load from the minimum stress to the sustained 
strength~ f , i.e., 
s 
1 
t = (f - f , ) ~ 
s mln I (7.27b) 
To calculate the creep strain per cycle, a linear creep-time 
relationship was assumedo Then Eq. (7.25) reads: 
or 
c = A.t 
de 
dt A 
(7.27c) 
(7.27d) 
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With Eq. (7.26b), (7.27a), (7.27b) and (7.27d), the total creep accumu-
lated during n cycles is: 
uc 
EQ,C 
(f - f . ) .l 
s m~n f 
2An left + f . )dt uc m~n 
o 
Performing the integration, the equation can be reduced to: 
n 
A ~ 
f 
(7.28) 
After non-dimensionalizing the right hand side of Eq. (7.28) by· 
the static strength, f ,the creep strain can be expressed in terms of 
cup 
stress levels, 
E = A Q,c 
n 
uc 
S 
The assumption of a linear creep-time relationship as g~yen by 
Eq. (7.27c) is rather crudeQ However, if a more realistic, i.e., a non-
linear function were used, the creep strain would be different for each 
cycle and the integration of the total creep strain, over n cycles, would 
uc 
be very difficulto In order to approximate the true creep-time relation-
ship more closely, different values for the coefficient, A, in Eq. (7.27c), 
will be chosen depending on the time to failure of the particular specimen 
for which the creep strain, EQ,C' has to be estimated. The coefficient~ 
A, will be chosen such that the assumed linear relationship coincides with 
the true creep-time relationship at t = 0 and at t = 1/2 t ,where t 
un ~n 
is the total testing time until failure of a specimen subjected to repeated 
loads. This method is illustrated in Fig. (7.7) which also includes a 
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realistic relationship for the development of creep under a sustained 
stress with time [46]. 
In the following, a relationship for the coeffic~ent, A, will 
be developed. For this, the creep strain, EC' will be expressed as a 
fraction of the elastic strain, Ee~: 
E = E • q, 
c e~ 
where ~ is the time-dependent ratio of creep strain to elastic strain. 
It is assumed that it approaches a finite value of ¢oo for t = 00. 
For f - 1 psi and Ee~ = fiE, the unit creep, c, is given by: 
(7 .30a) 
If it is assumed, furthermore, that the linear creep function 
reaches a value of q, - q, after a time ill, as shown in Fig. (7.7), then the 
00 
linear variation of q, with time can be expressed by: 
q, =!. q, 
m 00 
Then Eq. (7o.30a) can be transformed to: 
q, 
00 
c = mE t 
which gives a value of the coefficient A: 
A 
mE 
(7 . 30b) 
(7.31) 
The parameter m has to satisfy the condition stated earlier, that 
the straight line approximations, for the creep-time relationship, co-
incide with the experimental curve, given in Fig. (7.7), at half the total 
test time, 1/2 t ,of a particular specimen subjected to repeated loads. 
un 
Then, according to Figo (7.7), m is 
t 
un 
m 
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(7.32) 
where ~/~oo is the fraction of the creep ratio developed after a time 
t = 1/2 t . The duration of a fatigue test, t ,can be determined from 
un un 
the stress range, R, the stress rate ratio, S, and the number of cycles 
to failure, n
uc
' calculated from Eq. (7.11). It is: 
t 
un 
2R 
S n uc 
Substituting Eq. (7.33) in Eq. (7.32) gives: 
m = 
R nuc 
S(cJ?/~ ) 
00 
(7.33) 
(7.34) 
After substituting Eq. (7.34) in Eq. (7.31) the coefficient, A, is: 
A 
cJ? S (cJ? I cJ? ) 
00 00 
E R • n 
uc 
The time t was calculated for each data point using Eq. (7.33), 
un 
and then the creep ratio ¢/¢oo was determined from Fig. (7.7). To calcu-
late A, also a realistic choice of cJ? has to be made. For stress levels 
00 
less than 0.4, the assumed proportionality of stress and creep is valid, 
and cJ?oo ranges from about 1.0 to 4.0 [32]. For larger stress levels, ~oo 
may be as large as 10 as given in [35], since, under a sustained stress 
slightly below the sustained load strength, creep deformations up to 10 
times the elastic strains may develop. Since in the fatigue tests to be 
evaluated the entire stress range, from the minimum stress level up to the 
sustained strength, have to be taken into account, a value of ~ = 8 was 
00 
chosen. The modulus of e~asticity needed to calculate the coefficient A 
was taken as the secant .modulus between cr = 0 and cr = cr 
s 
Fig. (4.46). 
0.70 from 
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7.30203 General Expression and Application 
Now the total failure strain predicted by the analytical model 
can be expressed by: 
n Up/cp ) 
K ~ + 00 B R 
cp 
00 
Elf 
cup 
(7.35) 
Eq. (7Q35) can be applied generally to all low cycle fatigue tests. 
However,. the pure fatigue failure cycles, no' have to be known. Since n 
o 
has to be determined from fatigue ~ests conducted at high stress rates, 
where time effects become small, Eq. (7.35) can be evaluated only for the 
tests conducted at a stress level of 0.90 for which fatigue data, at high 
stress rates, are available. 
In Table (7.3) the failure strain components, and the tptal 
failure strain, as predicted by the analytical model, Eq. (7.35), have been 
tabulated. Also shown are the observed failure strains as given in Fig. 
(5013)0 The following conclusions can be made: 
a. The failure strains can reasonably be subdivided into 
initial strains, cycle-dependent strains and time-
dependent strairts. 
b. The failure strains predicted by the analytical model 
show the expected tendencies as confirmed by the ex-
periments in Phase One and Phase Two, i.e., the failure 
strain is larger, the smaller the range of stress and the 
slower the rate of load application. This tendency is not 
as clear for large stress ranges and varying stress rates. 
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c. Comparing the numerical values of the calculated strains 
with those observed, it is evident that the calculated 
values are too large for small stress ranges and too 
small for large stress ranges. The failure strains are 
in good agreement for intermediate stress range values. 
The same discrepancies have been noted previously for the 
cycles to failure predicted trom the First Model. The 
dlfference between calculated and observed failure strains, 
for small stress ranges, may be due to an overestimate of 
the time-dependent strains. The difference, at large: 
stress ranges ,may be due to an underestimate of the time-
dependent strains. In either case, it is reasonable to 
suggest that the linea~ addition 6f the strain components 
is the source of discrepancy. Also, cracks, initiated at 
high stresses, propagate at lower stresses, a phenomenon 
which is not taken into account in the analysis, and which 
may be responsible for the differences between the analysis 
and experiments for large stress ranges. 
d. It has been shown by the experiments of Phase One, Fig. 
(4.46), that for a given stress level the maximum strains 
were observed when the applied stress was kept constant 
until failure. This criterion is similar in nature to cycles to 
failure under pure fatigue conditions, n , used in the 
o 
damage modelo However, such a criterion could not be in-
corporated in the strain analysis. 
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e. Similar to the damage analysis, arbitrary coefficients can 
be introduced to adjust the time-dependent strains, so that 
agreement between analysis and experiments is enforced. 
The coefficients~ K4 , as given in Eq. (7.15) for the 
damage analysis, are smaller than unity for R = 0.10 and 
R = 0.50 and larger than unity for R = 0.90. The coefficients 
necessary to adjust the time-dependent part of the cal-
culated strains, Table (7.3), would satisfy these conditions. 
However, they are not equal to the K4 values of the damage 
analysis 0 
fa Similar to the damage analysis, the cycle-dependent strains, 
given in Table (7.3), are very small for small stress ranges 
because the failure strain, in a small range fatigue test, is 
dominated by the length of time during which a specimen has 
to sustain stresses above the sustained strength. The longer 
the total time necessary to cause failure, the larger the 
failure straino This tendency is demonstrated by the 
calculated failure strains as well as the experimental data 
given in Fig. (5.13). 
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8. SUMMARY AND CONCLUSIONS 
8.1 Summary 
The objectives of this investigation were to study the strength 
and deformation characteristics of plain concrete when subjected to repeatedly 
applied high compressive loads, and to propose an analytical approach to 
predict plain concrete behavior under such loading conditions. 
801.1 Experimental Program 
Tests were conducted on 4 in by 4 in by 12 in plain concrete 
prisms. The program consisted of three phases. 
In Phase One the effect of maximum stress, stress range, and age 
at loading, on concrete response to high repeated and sustained stresses, 
was studiedo The maximum stress was 0.95, 0.90, 0.85, and 0.80 of the 
initial static strength. The stress range varied from the maximum stress 
level to zero. Age of concrete at loading was primarily 28 days. However, 
some tests were conducted at 7 and 90 days. In all cases, longitudinal 
and lateral strains were recorded throughout the loading history. A de-
tailed study of their variation, as well as the volumetric straiu and 
Poisson's ratio, is given in Chapter 4. 
In Ph~se Two the effect of speed of testing, on static and re-
peated load behavior was studied. Concrete specimens were loaded to 
failure, statically, at three different strain rates of 10-7 , 10-5 , and 
10-3 in/in/sec. In the repeated load tests, the loads were applied at 
rates of 600 and 60',000 psi/min to supplement those of Phase One, which 
III 
were conducted at a stress rate of 6,000 pSi/min. Within Phase Two a 
maximum stress level of 0090 was maintained; the stress range 
was 0.10, 0050, or 0.90 of the static ultimate strength. The age of 
concrete at the time of testing was 28 days. Longitudinal strains were 
measured using SR-4 bond gauges. The results from this phase are given 
in Chapter 5. 
Phase Three concerned itself with the variation of the static 
strength of concrete during repeated or sustained load tests. At an age 
of 28 days the test specimens were subj ect.ed to high repeated or sus-
tained loads until 30, 60, or 90 percent of their life had been consumed. 
Then the specimens were loaded to failure. In the repeated load tests, 
maximum stress levels of 0.95 and 0.90 were studied, while the minimum 
stress was zero, The repeated loads were applied at a SLress rate of 
6,000 psi/min. During loading to failure, the basic strain rate of 10-5 
in/in/sec was maintained. In the sustained load tests, the stress was 
0 0 90 of the static ultimate strength. In all tests the longitudinal and 
lateral strains were recorded continuously. Test data and evaluation 
are reported in Chapter 6. 
8.1.2 Analytical Investigation 
The experimental program showed that the behavior of plain con-
crete, when subjected to high repeated loads, is very much time-dependent. 
It was thus hypothesized that concrete response to such high repeated 
loads can be subdivided into cycle-dependent and time-dependent fractions. 
The cycle-dependent effects depend only on the number of load repetitions, 
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while the time dependent effects are controlled by the total time--
concrete has to resist stresses higher than a certain threshold stress. 
On this basis, two analytical models were formulated. One was based 
on the extent of cracking or "damage" to predict the number of cycles 
required to cause failure under a given set of variables, and the other 
was based on cycle- and time-dependent strains to theoretically predict 
the longitudinal strains at failure when concrete is subjected to high 
repeated stresses. 
Excellent agreement between experimental data and calculated 
values was obtained for the number of cycles to failure. The agreement 
was less satisfactory for predictions of the failure strains. It was 
suggested that a simple summation of the cycle- and time-dependent ef-
fects, to predict plain concrete response to high repeated loads, may be 
the main cause of discrepancy between calculated and observed values. 
8Q2 Conclusions 
Based on the test results and the analytical studies presented 
herein, the following conclusions, regarding the behavior of plain 
concrete, when subjected to high repeated and sustained loads, can be drawn: 
a. The static stress-strain relationship of plain concrete 
is highly dependent on the strain rate, as well as the 
age of concrete at loading. High strain rates cause 
a significant increase in concrete strength, while low 
strain rates significantly increase the strains at a 
given stress. The younger the concrete at testing, the 
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higher the strains at a given stress for both the in-
creasing, and the descending portion of the stress-
strain relationship. 
b. When concrete is subjected to high repeated stresses, 
a decrease in either the maximum stress level, the 
stress range, or the stress rate, results in an increase 
of the cycles to failure. The increase in failure 
cycles, with decreasing stress range, becomes insignificant 
at hig4 maximum stress levels, small stress ranges and low 
stress rates,) because under these conditions the "sustained 
load", or time-dependent effect, is dominant, i.e., the 
total time of testing, rather than ~he number of cycles to 
failure~ is the controlling parameterc 
co During the course of repeated or sustained tests, the static 
strength of concrete does not decrease continuously with the 
number of applied cycles o'r time under load. During the 
initial s~ages of the test, concrete undergoes a "hardening" 
stage resulting in an increase of the static strength. The 
length of this "hardening" stage, and the magnitude of the 
strength increase, is a funct:ion of the maximum stress applied 
during the '(est: 
d. The variation of longitudinal and lat:eral st:rains of concrete 
with the number of applied cycles in fatigue tests, or the 
time under load in sustained load tests, is c.haracterized by 
an initial abrupt increase of strains. This is followed by 
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a period of stabilization during which strains increase 
almost linearly with time of cycles and a final stage of 
rapid strain increase near failure. The volumetric strains 
and Poisson's ratio show a similar variation during the 
life history of a specimen. 
eQ The failure strain under repeated loads are the higher, 
the lower the level of the maximum stress, the smaller the 
stress range, or the slower the stress rate. The failure 
strains under sustained loads increase with decreasing 
sustained stress level. The failure strain is, in all 
cases, larger than the strain given by the descending 
portion of the static stress-strain curve. For the same 
stress level, the failure strains are higher the longer it 
takes to fail a concrete specimen. For fatigue tests, 
at a given stress rate, a linear relationship exists between 
failure strain and logarithm of failure cycles. A similar 
relation exists between failure strains and logarithm of time 
to failure under sustained loads. 
f. An analytical model, which is based on the extent of cracking 
or damage caused by high repeated loads, and in which the 
cycle- and time-dependent damage are expressed independently, 
predicts the number of cycles to failure very satisfactorily. 
g~ The model to predict failure strains is based on the assump-
tion that the failure strain of concrete, subjected to high 
repeated loads, consists of an initial elastic strain, a 
cycle-dependent and a time--dependent strain. The agreement 
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between calculated and observed failure strains ranged 
from PQor to satisfactory, but the failure strains, cal-
culated from the analytical model, gave the general 
tendencies, which were observed in the experiments. 
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TABLE 3.1 
CHEMICAL AND BHYSICAL PROPERTIES OF THE CEMENT 
USED TOGETHER WITH PERTINENT SPECIFICATION 
REQUIREMENTS -- MANUFACTURER'S DATA 
Test (Typical) ASTM C 150-68 SPEED, type 1 
Fineness, 3560 2800 avg. min. 
Blaine, sq cm/gm 
Soundness, 0.02 0.08 max. 
autoclave expansion, % 
Time of Set, Gillmore: 
Initial, minutes 200 60 min. 
Final, hours 6 10 max. 
Air Content of Mortar, % 8.6 12.0 max. 
Compressive Strength, psi: 
3-day 3100 1200 
.7-day 4150 2100 
27-day 5750 3500 
C3S 57 
C2S 18 
C3A 10.0 
C4AF 7 
S03 2.47 3.0 
Alkalies, as Na20 ·0.45 
M 0 2.25 5.0 max. g 
Loss on Ignition, % 1.4 3.0 
Insoluble Residue; % 0.18 0.75 
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TABLE 3.2 
CONCRETE MIX PROPORTIONS 
, _ -Series Phase Weight in lbs. Slump 
Designation Number Cement Sand Gravel Water (in. ) 
A2 - A19 One 90 351 408 77.5 2 to 3 
A20 - A30 One 85 340 440 83.0 2-1/2 to 3 
C1 - C5 Two 63 255 330 60 2-1/2 to 4 
B1 - B12 Three 63 255 330 60 2-1/2 to 4 
Stress Range 
R 
0.00 
0.50 
0.85 
0.90 
0.95 
Subtotal 
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TABLE 4.1 
PHASE ONE 
NUMBER OF SPECIMENS PER VARIABLE 
SUBJECTED TO REPEATED LOADS AT AN 
AGE OF 7 DAYS 
Maximum Stress Level, (J 
max 
0.95 0.90 
4 3 
4 3 
4 
4 
12 10 
Total number of specimens tested is 27. 
Series tested are: A2l; A23; A24; A25; A26; A30. 
0.85 
1 
1 
3 
5 
Stress Range 
R 
0.00 
0.05 
0.10 
0.20 
0.30 
0.50 
0.80 
0.85 
0.90 
0.95 
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TABLE 4.2 
PHASE ONE 
NUMBER OF SPECIMENS PER VARIABLE SUBJECTED 
TO REPEATED LOAD AT AN AGE OF 28 DAYS 
0.95 
4 
4 
4 
4 
4 
4 
4 
Maximum Stress Level, .0' 
max 
0.90 0.85 
4 4 
4 3 
3 
4 
4 2 
4 4 
3 
4 
Subtotal 28 27 16 
Total number of specimens tested is 74. 
Series tested are: A2; A3; A4; AS; A7; A8; AlO; A12; 
A14; A18; A19; A20; A27; A28; A29. 
0.80 
3 
3 
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TABLE 4.3 
PHASE ONE 
NUMBER OF SPECIMENS PER VARIABLE 
SUBJECTED TO REPEATED LOADS AT AN AGE OF 90 DAYS 
Stress Range Maximum Stress Level, cr 
max 
R 0.95 
0.00 4 
0.50 5 
0.85 
0.90 
0.95 4 
Subtotal 13 
Total number of specimens tested is 32. 
Series tested are: A6; A9; All; A13; A15; 
A16; A17; A22. 
0.90 
3 
4 
4 
11 
0.85 
2 
3 
3 
8 
Sustained Stress 
Level, .0' 
sus 
0.95 
0.95 
0.95 
0.90 
0.90 
0.90 
0.85 
0.85 
0.85 
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TABLE 4.4 
PHASE ONE 
NUMBER OF SPECIMENS PER VARIABLE 
SUBJECTED TO SUSTAINED LOADS 
Concrete Age at 
Loading (Days) 
7 
28 
90 
7 
28 
90 
7 
28 
90 
Total number of specimens tested is 30. 
Series tested are: A4; All; A13; A16; A17; A18; 
A22; A24; A25; A26; A27. 
Number of 
Specimens Tested 
4 
4 
4 
3 
4 
3 
1 
4 
3 
Series 
Designation 
A2l 
A23 
A24 
A25 
A46 
A30 
Number of 
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TABLE 4.5 
PHASE ONE 
DETAILS OF REPEATED LOAD TESTS 
AT 7 DAYS 
Maximum Stress Minimum Stress 
Static Tests Level, cr Level, cr 
min max 
3 .95 .95 
.,95 .45 
.95 .00 
4 .90 .00 
3+3 .95 .95 
.95 .45 
2+3 .90 .90 
.90 .40 
.90 .00 
.85 .00 
4 .90 .90 
.90 .40 
.90 .00 
.85 .00 
3 .85 .85 
.85 .35 
Total number of specimens tested is 27. 
Number of 
Specimens. 
Tested 
2 
2 
4 
2 
2 
2 
1 
2 
1 
1 
2 
1 
1 
2 
1 
1 
TABLE 4.6 
PHASE ONE 
DETAILS OF REPEATED LOAD TESTS AT 28 DAYS 
Series Number Maximum Minimum Number Series Number Maximum Minimum Number 
Desig- of Stress Stress of Desig- of Stress Stress of 
nation Static Level. Level. Specimens nation Static Level. Level! Specimens 
Tests a a . Tested Tests a a . Tested max mln max mln 
A2 4 .95 .90 2 A12 4 .90 .85 1 
.95 .85 1 .90 .80 1 
.95 .65 1 .90 .60 1 
;95 .45 1 .90 .00 1 
.95 .00 1 A14 3 .85 .80 1 
A3 3 .90 .85 1 .85 .00 1 
.90 .80 1 A18 4 .85 .85 1 I--' 
.90 .60 1 N 
.85 .80 1 -...J 
.90 .40 1 
.85 .35 2 
.90 .00 1 
.85 .00 1 
A4 3 .85 .85 3 A19 4 .95 .75 4 
A5 4 .85 .80 1 .85 .35 1 
.85 .35 1 A20 3 .95 .95 1 
.85 .00 1 
.95 .90 1 
A7 4 .95 .85 1 .95 .85 1 
.95 .65 1 .95 .65 1 
.95 .45 1 .95 .45 1 
.95 .00 1 .95 .00 2 
A8 4 .90 .85 A27 3 .95 .95 3 
.90 .80 1 .90 .90 4 
.90 .60 1 .90 .85 1 
.90 .40 1 A28 3 .90 .70 4 
.90 .00 1 
.90 .60 1 
AIO 4 .95 .90 1 .90 .40 2 
.95 .85 1 .90 .00 1 
.95 .65 1 A29 4 .85 .55 2 
.95 .45 1 
.80 .00 3 
Total number of specimens tested is 74. 
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TABLE 4."J 
PHASE ONE 
DETAILS OF REPEATED LOAD TESTS AT 90 DAYS 
Series Number of Maximum Minimum Number of 
Designation Static Tests Stress Level; St ress Levelj Specimens 
(J 0" 
min Tested max 
A6 4 .95 .45 1 
.95 .00 4 
A9 4 .90 .00 2 
All 4 .95 .95 2 
.95 .45 4 
A13 3 .95 .95 2 
A15 3 .90 .40 2 
.90 .00 2 
A16 3 .90 .90 1 
.90 .40 2 
.85 .35 2 
.85 .00 1 
A17 3 .90 .90 2 
.85 .85 2 
.85 .00 2 
A22 3 .85 .35 1 
Total number of specimens tested is 32. 
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TABLE 4.8 
PHASE ONE 
DETAILS OF SUSTAINED LOAD TESTS 
Series Sustained Stress Concrete Age at . Bumber .of 
Designation Level, 0' Loading (Days) Specimens Tested 
sus 
A4 0.85 28 3 
All 0.95 90 2 
A13 0.95 90 2 
Al6 0.90 90 I 
Al7 0.90 90 2 
Al7 0.85 90 2 
AlB 0.85 28 I 
A20 0.95 28 I 
A21 D.95 7 2 
A22 0.85 90 I 
A24 0.95 7 2 
A25 0.90 7 I 
A26 0090 7 :2 
A27 0.95 28 ' . . ) 
A27 0.90 28 4 
A30 0.85 7 1 
Total number of specimens tested is 300 
TABLE 4.9 
PHASE ONE 
TEST RESULTS OF SPECH1ENS SUBJECTED TO REPEATED LOADS 
0 0.95, 0.90 and 0.85 Age: 7 Days 
max 
* Series Static Tests Repeated Load Tests 
f E9,u Ehu a a . n Longitudinal Lateral v E cup max m1n u u vu 
(psi) (cycles) E E . E £ • 
max mln max mln 
A21 2360 1. 394 0.310 .95 .45 73 2.063 1. 719 
A21 2360 1. 394 0.310 .95 .45 70 2.123 1.794 
A24 2220 1.288 0.273 .95 .45 274 2.437 2.093 1.298 1.096 0.532 -0.160 
A24 2220 1. 288 0.273 .95 .45 259 2.468 2.125 0.789 0.632 0.320 -0.890 
A21 2360 1. 394 0.310 .95 .00 10 1. 688 0.713 0.566 0.160 0.335 0.555 
f-' 
A21 2360 1. 394 0.310 .95 .00 16 1. 625 0.719 0.566 0.230 0.348 0.493 w 0 
A21 2360 1.394 0.310 .95 .00 27 2.156 1.025 1.565 0.859 0.726 -0.974 
A21 2360 1. 394 0.310 .95 .00 61 2.438 1.438 0.942 0.583 0.508 -0;04 
A25 2500 1.307 0.328 .90 .40 >13500 >1.688 >1.500 >0.393 >0.365 
A25 2500 1. 307 0.328 .90 .40 >4000 >1.394 >1.200 >0.383 >0.340 
A26 2420 1.456 0.333 .90 .40 >6043 >2.006 >1.775 >0.1252>1.182 
A23 2420 1. 250 0.147 .90 .00 124 2.313 1.400 0.989 0.902 0.428 0.334 
A23 2420 1. 250 0.147 .90 .00 141 2.188 1. 275 1. 355 0.966 0.620 -0.523 
A25 2500 1. 307 0.328 .90 .00 92 2.125 1.262 2.498 1. 564 1.175 -2.87 
A26 2420 1. 456 0.333 .90 .00 43 2.238 1.219 1.499 0.919 0.670 --0. 760 
A25 2500 1. 307 0.328 .85 .00 378 2.713 1. 78~ 3.164 2.251 1.166 -3.615 
A26 2420 1.456 0.333 .85 .00 173 2.300 1.456 4.123 3.090 1. 792 -5.945 
A26 2420 1. 456 0.333 .85 .00 190 2.181 1.500 2.500 1.465 1.147 --2.820 
A30 2420 1.456 0.333 .85 .35 >4286 
,'t Given are failure strains in in/in x 10-3 
Series 
A2 
A7 
A20 
A20 
A2 
A7 
A10 
A20 
A2 
A7 
A10 
A20 
A19 
A19 
A19 
A19 
A2 
A7 
A10 
A20 
A2 
A2 
A10 
A20 
TABLE 4.10 
PHASE ONE 
TEST RESULTS OF SPECIHENS SU,BJECTED TO REPEATED LOADS 
a 0.95 Age: 28 Days 
max 
Static Tests 
f 
cup Ehu EQ,U 
(psi) 
4730 2.206 0.443 0.95 
4660 1.969 0.583 0.95 
3520 1.812 0.363 0.95 
3520 1.812 0.363 0.95 
4730 2.206 0.443 0.50 
n 
u 
(cycles) 
10 
16 
8 
9 
179 
4660 1.969 0.583 0.50 157 
3860 1.987 0.462 0.50 73 
3520 1.812 0.363 0.50 
4730 2.206 0.443 0.30 
4660 1.969 0.583 0.30 
3860 1.987 0.462 0.30 
3520 1.812 0.363 0.30 
5180 2.081 0.266 0.20 
5180 2.081 0.266 0.20 
5180 2.081 0.266 0.20 
5180 2.081 0.266 0.20 
4730 2.206 0.443 0.10 
4660 1.969 0.583 0.10 
3860 1.987 0.462 0.10 
3520 1.812 0.363 0.10 
4730 2.206 0.443 0.05 
4730 2.206 0.443 0.05 
3860 1.987 0.462 0.05 
3520 1.812 0.363 0.05 
353 
63 
147 
296 
362 
59 
110 
139 
155 
369 
125 
548 
272 
97 
163 
369 
306 
Repeated Load Tests* 
Longitudinal 
E E. 
max mln 
2.500 1. 044 
3.540 2.269 
1. 944 1. 030 
1.967 0.913 
3.600 2.931 
3.031 2.375 
2.438 1.963 
3.206 2.775 
2.769 2.469 
2.988 2.638 
2.938 2.675 
2.956 2.743 
2.688 2.438 
2.813 2.706 
2.844 2.694 
3.125 2.875 
3.406 3.338 
2.844 2.756 
2.963 2.931 
2.875 2.800 
2.825 2.750 
2.688 2.669 
2.644 2.631 
2.719 2.656 
Lateral 
E E • v 
u max mln 
1. 665 
1. 998 
0.573 
0.799 
2.731 
1. 868 
1.199 
2.664 
0.999 
2.424 
1. 292 
1.548 
1.382 
2.165 
0.982 
2.664 
2.940 
1.568 
1. 995 
1.832 
1.505 
1.166 
1.149 
0.606 
0.733 0.666 
1.499 0.565 
0.450 0.295 
0.413 0.406 
2.398 0.759 
1. 562 0.616 
1.122 0.491 
2.258 0.831 
0.916 0.361 
2.125 0.811 
1.242 0.440 
1. 425 0.524 
1.206 0.867 
1. 998 O. 770 
0.889 0.345 
2.364 0.852 
2.761 0.863 
1.441 0.552 
1.945 0.673 
1.632 0.637 
1.465 0.553 
1.066 0.434 
1.002 0.435 
0.543 0.223 
* Given are failure strains in in/in x 10-3 
E 
vu 
-0.830 
-0.459 
0.798 
0.370 
-1. 860 
-0.705 
0.040 
-2.122 
0.771 
-1. 861 
0.353 
-0.141 
-1.975 
-1.516 
0.879 
-2.203 
-2.475 
-0.293 
-1. 027 
-0.788 
-0.185 
0.357 
0.346 
1.507 
I--' 
LV 
I-' 
TABLE 4.11 
PHASE ONE 
TEST RESULTS OF SPECHfENS SUBJECTED TO REPEATED LOADS 
0max 0.90 
Static Tests 
Stress f 
A3 
A8 
A12 
A28 
A3 
A8 
A28 
A28 
A3 
A8 
A12 
A28 
A28 
A28 
A28 
A28 
A3 
A8 
A12 
A3 
A8 
A12 
A27 
cup 
(psi) 
4930 
43S0 
4200 
3400 
4930 
4350 
3400 
3400 
4930 
4350 
4200 
3400 
3400 
3400 
3400 
3400 
4930 
4350 
4200 
4930 
4350 
4200 
3620 
E~U Ehu R 
2.060 0.90 
1.831 0.443 0.90 
n 
u 
(cycles) 
192 
101 
1.844 0.949 0.90 123 
1.706 0.423 0.90 130 
2.060 0.50 1027 
1.831 0.443 0.50 1815 
1.706 0.423 0.50 
1.706 0.423 0.50 
2.060 0.30 
1.831 0.443 0.30 
1.844 0.949 0.30 
1.706 0.423 0.30 
1.706 0.423 0.20 
1.706 0.423 0.20 
1.706 0.423 0.20 
·1.706 0.423 0.20 
2.060 0.10 
1.831 0.443 0.10 
1.844 0.949 0.10 
2.060 0.05 
1.831 0.443 0.05 
241 
628 
1067 
1124 
577 
112 
306 
332 
1157 
2893 
3948 
3657 
3546 
869 
574 
1.844 0.949 O.OS 1113 
1.687 0.266 0.05 3597 
Age: 28 Days 
Repeated Load Tests* 
Longitudinal Lateral 
Emax Emin - Emax Emin 
2.540 1. 250 
\) 
u 
E 
vu 
2.631 1.438 1.615 0.992 0.614 -0.599 
2.444 1. 250 
2.950 1.875 2.920 2.094 0.990 -2.891 
3.230 2.680 
4.244 3.731 3.330 3.050 0.785 -2.416 
2.875 2.425 1.832 1.469 
3.163 2.775 3.080 2.617 
3.300 3.000 
3.063 2.688 1.931 1.765 
2.969 2.756 5.261 4.735 
2.188 1.950 1.832 1.415 
2.344 2.176 1.832 1.665 
3.031 2.838 1.632 1.505 
3.219 3.088 2.158 1.908 
3.806 3.706 3.730 3.510 
3.550 3.450 
3.444 3.319 1.200 1.200 
3.819 3.756 1.165 1.156 
2.920 2.870 
0.637 
0.974 
0.631 
1. 772 
0.837 
0.781 
0.538 
0.670 
0.980 
0.348 
0.306 
-0.788 
-2.998 
-0.800 
-7.554 
-1.476 
-1. 319 
-0.232 
-1.097 
-3.653 
1.044 
1.488 
2.731 2.688 1.832 1.782 0.671 -0.932 
2.606 2:606 1.S65 1.S48 0.600 -0.524 
3.613 3.575 2.l81 2.091 0.604 -0.750 
* Given are failure strains in in/in x 10-3 
I-' 
W 
N 
Series 
AS 
A14 
A18 
AS 
A18 
A18 
A19 
A29 
A29 
AS 
A14 
A18 
A29 
A29 
A29 
TABLE 4.12 
PHASE ONE 
TEST RESULTS OF SPECIHENS SUBJECTED TO REPEATED LOADS 
o 0.85 and 0.80 
max 
Age: 28 Days 
Static Tests ~&eated Load Tests* 
f En Eh 0 0. n -Longitudinal Lateral 
cup NU U max m1n u 
( .) ( 1 ) E E . E E . }2S1 eye es max m1n max m1n 
4720 1.906 0.483 0.85 0.00 412 
4380 1.800 0.366 0.85 0.00 494 
5440 1.875 0.533 0.85 
4720 1.906 0.483 0.85 
5440 1.875 00533 0.85 
5440 1.875 0.533--0.85 
5180 2.081 0.493 0.85 
3620 1.625 0.376 0.85 
3620 1.625 0.376 
4720 1.906 0.483 
4380 1.800 0.366 
5440 1.875 0.533 
3620 1.625 0.376 
3620 1.625 0.376 
3620 1.625 0.376 
0.85 
0.85 
0.85 
0.85 
0.80 
0.80 
0.80 
0.00 525 
0.35 2241 
0.35 1235 
0.35 3517 
0.35 4839 
0.55 8363 
0.55 12982 
0.80 17193 
0.80 63511 
0.80 13408 
0.00 2159 
0'.00 2358 
0.00 2724 
2.625 
3.563 
3.063 
3.125 
3.038 
3.688 
3.981 
3.794 
4.188 
9.250 
4.250 
3.500 
3.500 
3.400 
4.550 
1.325 
2.219 
1.794 
2.638 
2.506 
3.125 
3.375 
3.588 
3.938 
9.194 
4.238 
3.500 
2.425 
2.438 
3.344 
4.662 
2.098 
1.688 
2.821 
3.437 
1.732 
3.746 
3.230 
4.063 
2.331 
2.997 
5.028 
1.782 
50611 
3.330 
1.305 
1.515 
2.438 
3.034 
1.449 
3.563 
3.014 
3.913 
2.298 
2.964 
3.816 
1.515 
4.602 
* Given are failure strains in in/in x 10-3 
\> 
U 
1.309 
0.685 
0.540 
0.929 
0.932 
0.435 
0.987 
0.771 
0.439 
0.548 
0.856 
1.437 
0.524 
1.233 
E.: 
VU 
-5. 762 
-1.133 
-00252 
-2.604 
-3.186 
0.518 
-3.700 
-2.273 
1.125 
-0.412 
--2.494 
-6.557 
-0.163 
-6.672 
r-' 
LV 
LV 
TABLE 4.13 
pHASE ,ONE 
TEST RESULTS OF SPECIMENS SUBJECTED TO REPEATED LOADS 
a 0.95, 0.90 and 0.85 Age: 90 Days 
max 
Series Static Tests ReEeated Load Tests~ f E~u Ehu a a . nu Longitudinal Lateral v E I c~p max mln u vu 
(psi) (cyc1e~) E E . E E . max mln max mln 
A6 4600 1.612 0.609 0.95 0.45 216 2.344 1.863 1.665 1.272 0.710 -0.986 
All 4170 1.644 0.683 0.95 0.45 40 1.788 1.381 2.281 2.025 1.276 -2.775 
All 4170 1.644 0.683 0.95 0.45 94 2.188 1.719 1.582 1.365 0.723 -0.976 
All 4170 1.644 0.683 0.95 0.45 1167 3.094 2.600 3.190 2.817 1.031 -3.287 
All 4170 1.644 0.683 0.95 0.45 ,2203 2.687 2.219 1.365 1.215 0.508 -0.043 
A6 4600 1.612 0.609 0.95 0.00 62 2.469 1.112 3.829 2.331 1.551 -5.190 
A6 4600 1.612 0.609 0.95 0.00 67 2.438 1.063 1.965 1.086 0.806 -1.492 
A6 4600 1.612 0.609 0.95 0.00 93 2.175 0.900 0.932 0.510 0.429 0.310 
A6 4600 1.612 0.609 0.95 0.00 117 2.125 0.937 1.665 b.733 0.784 -1.205 
A15 3720 1.456 0.500 0.90 0.40 93 1.613 1.219 1.565 l.g7.2 0.971 -1.518 
A15 3720 1.456 0.500 0.90 0.40 >'4336 >1.844 >1.563 >0.311 >b.6~8 
A16 5650 1.819 0.626 0.90 0.40 285 2.469 1.900 2.797 2.231 1.133 -3.126 
A16 5650 1.819 0.626 0.90 0.40 347 2.563 1.938 2.498 2.005 0.975 -2.433 
A9 3840 1.650 0.866 0.90 0.00 44 2.188 1.088 0.966 0.599 0.441 0.256 I-' 
A9 3840 1.650 0.866 0.90 0.00 181- 2.113 0.938 1.815 1.099 0.859 -1.517 LV .p.-
AlS 3720 1.456 0.500 0.90 0.00 81 2.188 1.044 2.165 1.259 0.989 -2.142 
A15 3720 1.456 0.500 0.90 0.00 205 2.181 1.063 2.191 1.365 1.005 -2.201 
A16 5650 1.819 0.626 0.85 0.35 2193 2.375 2.356 1.965 1.748 0.827 -1.554 
'j 
A16 5650 1.819 0.626 0.85 0.35 5466 2.756 2.263 1.182 0.932 0.429 0.392 
A22 3890 1.725 0.676 0.85 0.35 11818 3.275 2.831 3.323 2.~97 1.015 -3.372 
A16 5650 1.819 0.626 0.85 0.00 136 2.313 0.938 1.498 0.633 0.648 -0.685 
A17 4750 10862 0.866 0.85 0.00 359 2.531 1.225 3.330 1.881 1.316 -4.129 
A17 4750 1.862 0.866 0.85 0.00 596 2.469 1.188 4~872 2.791 1.973 ~7.275 
* 
Given are failure strains in in/in x 10-3 
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TABLE 4.14 
PHASE ONE 
LOGARITHMIC AVERAGE OF CYCLES TO FAILURE 
Maximum Stress Minimum Stress Stress Age in Days 
Level, C5 Level, C5 
min Range max 7 28 90 R 
Failure Cycles, n 
u 
0.95 0.90 0.05 204 
0.95 0.85 0.10 286 
0.95 0.75 0.20 108 
0.95 0.65 0.30 176 
0.95 0.45 0.50 138 163 290 
0.95 0.00 0.95 22 13 81 
0.90 0.85 0.05 1189 
0,,90 0.80 0.10 3715 
0.90 0.70 0.20 764 
0.90 0.60 0.30 527 
0.90 0.40 0.50 > 6832 730 447 
0.90 0.00 0.90 92 133 107 
0.85 0.80 0.05 24500 
0.85 0055 0.30 10420 
0.85 0.35 0.50 2650 6397 
0.85 0.00 0.85 232 473 143 
0.80 0.00 0.80 2400 
TABLE 4.15 
FHASE ONE 
TEST RESULTS OF SPECIMENS SUBJECTED TO SUSTAINED LOADS 
a = 0.95, 0.90 and 0.85 
sus 
Age: 7 Days 
Static Load Tests Sustained Load Tepts* 
Series Failure Time, tu f E.Q,U Ehu a E.Q,u bU \l E cup sus hrs. mins. sees. u vu 
(psi) 
A21 2360 1.394 0.310 0.95 0 3 06 0.800 0.306 0.3825 0.188 
I--' 
LV 
A21 2360 1.394 0.310 0.95 0 6 46 1.125 2.125 1.8888 -3.125 0'1 
A24 2220 1.288 0.273 0.95 0 4 16 0.960 0.340 0.3541 0.280 
A24 2220 1.288 0.273 0.95 0 1 19 0.512 0.100 0.1953 0.312 
A25 2500 1.307 0.328 0.90 0 25 51 1.519 1.367 0.8999 -1.215 
A26 2420 1.456 0.333 0.90 0 7 28 1.200 0.660 0.5500 --0.120 
A26 2420 1.456 0.333 0.90 0 9 17 0.975 1.184 1.2143 -1.393 
A30 2165 1.456 0.333 0.85 21 30 0 ----did not fai1-----------
* Given are failure strains in in/in x 10-3 
TABLE 4.16 
PHASE ONE 
TEST RESULTS OF SPECIMENS SUBJECTED TO SUSTAINED LOADS 
a = 0.95, 0.90 and 0.85 
sus 
Age: 28 Days 
Static Tests Sustained Load Tests* 
Series 
f Failure Time,tu EQ,u Ehu a EQ,u Ehu \) E cup sus U vu 
(psi) hrs. mins. sees. 
A20 3520 1.812 0.363 0.95 0 49 22 2.037 1.713 0.8409 -1.389 
A27 3620 1.687 0.266 0.95 0 3 54 1.400 1.700 1.2142 -2.000 ....... 
w 
A27 3620 1.687 0.266 0.95 0 2 57 1.350 1.200 0.8889 -1.050 -.....,J 
A27 3620 1.687 0.266 0.95 0 5 04 1.250 0.924 0.7392 -0.598 
A27 3620 1.687 0.266 0.90 0 13 48 1.287 1.367 1.0621 -1.447 
A27 3620 1.687 0.266 0.90 0 18 11 1.787 1.250 0.6994 -0.713 
A27 3620 1.687 0.266 0.90 0 25 46 1.700 2.233 0.6496 -1.029 
A27 3620 1.687 0.266 0.90 3 2 03 3.437 3.233 0.9406 -3.029· 
A18 5440 1.875 0.533 0.85 23 51 00 3.181 1.617 0.5083 -0.053 
A4 3340 1.750 0.500 0.85 1 41 16 2.337 2.984 1.2768 -3.631 
A4 3340 1.750 0.500 0.85 3 09 45 2.337 2.014 0.8617 -1.691 
A4 3340 1.750 0.500 0.85 7 17 15 3.200 2.857 0.8928 -2.714 
'1< Given are failure strains in in/in x 10-3 
TABLE 4.17 
PHASE ONE 
TEST RESULTS OF SPECIMENS SUBJECTED TO SUSTAINED LOADS 
cr = 0.95, 0.90 and 0.85 
sus 
Age: 90 Days 
* Static ,Tests Sustained Load Tests 
Series f E.Q,U Ehu cr Failure Time, t E.Q,U Ehu v E cup sus U u vu 
(psi) hrs. mins. sees. 
...... 
All 4170 1.644 0.683 0.95 0 19 15 0.825 0.914 1.1078 -1.003 VJ 00 
All 4170 1.644 0.683 0.95 1 28 47 1.125 1.467 1.1304 -1.809 
A13 4170 1.644 0.683 0~95 0 19 39 0.900 1.406 1.5622 -1.912 
A13 4170 1.644 0.683 0.95 0 21 32 0.850 1.904 2.2400 -2.958 
Al6 5650 1.819 0.626 0.90 2 52 02 1.431 1.750 1.2229 -2.069 
Al7 4750 1.862 0.866 0.90 3 32 48 1.800 2.050 1.1388 -2.300 
A17 4750 1.862 0.866 0.90 6 55 43 1.350 1.300 0.9629 -1.250 
A17 4750 1.862 0.866 0.85 69 56 40 2.537 1.934 0.7623 -1.331 
A17 4750 1.862 0.866 0.85 68 27 00 2.681 1.750 0.6527 -0.819 
A22 3890 1.725 0.676 0.85 101 39 33 2.968 1.900 0.6401 -0.832 
'1'( Given are failure strains in in/in x 10-3 
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TABLE 4.18 
PHASE ONE 
LOGARITHMIC AVERAGE OF TIME TO FAILURE 
0" 
Age in Days 
sus 
7 28 90 
(Minutes) 
0.95 3.29 7.32 29.16 
0.90 12.38 32.94 247.70 
0.85 1290.00 331.10 4719.00 
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TABLE 5.1 
PEASE TWO 
NUMBER OF SPECIMENS PER VARIABLE 
(J = 0.90 
max 
Age: 28 Days 
Stress Range Stress Rate, psi/min 
R 600 
0.10 6 
0.50 4 
0.90 4 
Subtotal 14 
Total number of specimens tested is 26. 
Series tested are: Cl~ C2~t3~'C4; ~5. 
60,000 
4 
4 
4 
12 
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TABLE 5.2 
PHASE TWO 
DETAILS OF TESTING 
(J = 0.90 
max 
Age: 28 Days 
Series Number of Stress Stres§ Number of 
Designation Static Tests Range Rate, f Specimens Tested 
R .. psi/min 
C1 3 0.10 600 2 
C2 2 0.90 60,000 4 
0.50 60,000 2 
0.10 60,000 1 
C3 2 0.10 60,000 1 
0.90 600 1 
0.50 600 2 
0.10 600 1 
C4 3 0.50 60,000 1 
0.90 600 2 
0.10 600 1 
C5 2 0.50 60,000 1 
0.10 60,000 2 
0.90 600 1 
0.50 600 2 
0.10 600 2 
Total number of specimens tested is 26. 
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TABLE 5.3 
PHASE TWO 
TEST RESULTS OF STATIC TESTS 
Strain Rate, Specimen Ultimate Ultimate 
~ :Ln/in/sec Number Static Strength Strain, E 
f (psi) £u -3 
cup (in/in x 18 ) 
10-3 1 5006 1.86 
2 5100 1.98 
3 5100 1.92 
Average 5070 1.92 
10-5 1 4388 2.04 
2 4730 2.10 
3 4102 1.92 
Average 4407 2.02 
10-7 1 4083 2.70 
2 3984 3.06 
3 4036 2.97 
Average 4034 2.91 
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TABLE 5.4 
PHASE TWO 
TEST RESULTS OF REPEATED LOAD TESTS 
0 
a 0.90 f = 60,000 psi/min 
max 
Static Tests Repeated Load Tests t 
Series 
f Stu R n Longitudinal cup u 
(psi) S S min max 
C2 3800 1.770 0.90 395 3.110 1.600 
C2 3800 1.770 0.90 508 2.780 1.460 
C2 3800 1.770 0.90 528 3.140 1.660 
C2 3800 1.770 0.90 -224- . 3.060 1.530 
C2 3800 . 1.770 0.50 ·1922 2.430 1.840 
C2 3800 1.770 0.50 21300 .. 3.200 2.940 
C2 3800 1.770 0.10 10020 . 3.420 3.350 
C3 4190 1.950 0.10 39000*-
C4 3860 1.700 0.50 3063 . 2.630 2c180 
C5 4055 2.070 0.50 5930 3.140 2.620 
C5 4055 2.070 0.10 5467 2.870 2.790 
C5 4.55 2.070 0.10 15438 3.400 3.290 
t Given are failure strains in in. lin. x 10-3 . 
* Did not fail. 
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TABLE 5.5 
PHASE TWO 
TEST RESULTS OF REPEATED LOAD TESTS 
a 0.90 ~ = 600 psi/min 
max 
Static Tests Repeated Load Tests * 
Series 
f E:,Q,u R n Longitudinal· cup u 
(psi) E: E: min max 
C1 4407 2 ... 020 0.10 78 3.480 3.210 
C1 4407 2.020 0.10 72 3.920 3.732 
C3 4190 1.950 0.90 18 3.370 1.920 
C3 4190 1.950 0.50 64 3.130 2.540 
C3 4190 1.950 0.50 287 4.380 3.840 
C3 4190 1.950 0.10 331 4.810 4.640 
C4 3860 1.700 0.90 13 
C4 3860 1.700 0.90 98 3.640 2.290 
C4 3860 1. 700 0.10 3150 4.970 4.880 
C5 4055 2.070 0.90 25 2.990 1.750 
C5 4055 2.070 0.50 250 3.600 3.070 
C5 4055 2.070 0.50 56 3.200 2.670 
C5 4055 2.070 0.10 1086 4.590 4.480 
C5 4055 2.070 0.10 26 2.970 2.850 
* 
Given are failure strains in . /0 10-3 In In x 
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TABLE 5.6 
PHASE TWO 
LOGARITHMIC AVERAGE OF CYCLES TO FAILURE 
0 
S t res s Range Stress Rate, f (psi/min) 
600 6,000 60.,000 
R Failure Cycles, n 
u 
0.90 28 133 392 
0.50 127 730 5222 . 
0.10 234 3715 13480 
Data 
Set 
1 
2 
3 
TABLE 5.7 
PHASE TWO 
RESULTS OF STATISTICAL ANALYSIS 
0" c 0.90 R = 0.90 
max 
Stress No-.- Maximum Minimum He an Var- Std. Probability 90% Probability 
Rate ~ of Log, n Log, n 
-* iance dev. of Range Probability 
psi/min Tests II u x S2 of Data Interval S 
max. to min. max. min. that is 
(%) (%) 
- -60'~000 -4 2.723 2.350 2.594 .022 .149 76.00 2.839 2.349 xl >x2 >99.9 
- -6'~ 000 4 2.283 2.004 2.123 .010 ~101 83.00 2.289 1.957 x2>,x3 >99.99 
600 4 1.991 1.114 1.44Cl .111 .334 79.00 1.989 0.891 
N.B.: Statistical analysis is based on the logarithm of the number of cycles to failure. 
* x n, the logarithmic average of the number of cycles to failure. 
u 
\-l 
~ 
(j\ 
TABLE 5.8 
PHASE TWO 
RESULTS OF STATISTICAL ANALYSIS 
0- = 0.90 R = 0.50 
max 
Data Stress No. of Maximum Minimum Mean Var- Std. Probability 90% Probability 
Set Rate_, Tests Log, n Log, n x* iance Dev. of Range of Probability 
psi/min u u S2 S Interval Data 
max to min max min that is 
(%) ( %) 
- -1 60,000 4 4.328 3.284 3.718 0.154 0.393 80.30 4.363 3.072 . x >x 1 2 99.95 
-2 6,000 4 3.259 2.382 2.863 0.104 0.322 82.70 3.393 2.333 x2>x3 99.95 
3 600 4 2.458 1.748 2.103 0.107 0.327 72.90 2.641 1.565 
N.B.: Statistical analysis is based on the logarithm of the number of cycles to failure. 
~~ x n, the logarithmic average of the number of cycles to failure. 
u 
...... 
.J>. 
--..J 
Data 
Set 
1 
2 
3 
TABLE 5.9 
PHASE TWO 
RESULTS OF STATISTICAL ANALYSIS 
a 0.90 R = 0.10 
max 
Stress No. of Maximum Minimum Mean, Var- Std. Probability 90% Probability 
Rate Tests Log, n Log, n x* iance Dev. of Range of Probability 
psi/min u u S2 Data Interval S 
max to min max min that is 
(%) (%) 
- -60,000 4 4.591 3.738 4.130 0.097 0.311 82.70 4.534 3.726 x l >x2 99.98 
- -6,000 3 3.596 3.550 3.570 0.000 0.019 76.5 3.595 3.545 x2>x3 99.99 
600 6 3.498 1.415 2.370 0.524 0.724 84.1 3.311 1.429 
N.B.: Statistical analysis is based on the logarithm of the number of cycles to failure. 
* x n, the logarithmic average of the number of cycl~s to failure. 
u 
...... 
-l>-
00 
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TABLE 6.1 
PHASE THREE 
DETAILS OF TESTING 
Series Haximum Stress Life Ratio., L Number of 
Phase Designation Stress Range5 Applied Prior Specimens .. t Level> to Reloading Tested :i 
0' R i 
max .. ~ 
3-A B1 .90 0.00 0.30 2 
B1 .90 0.00 0.60 1 
B1 .90 0.00 0,90 1 
B2 .90 0.00 0.30 2 
B2 090 0.00 0.60 2 
B2 .90 0.00 0.90 2 
B3 .90 0.00 0.30 2 
B3 .90 0.00 0.60 3 
B3 .90 0.00 0.90 3 
B4 .90 0.00 0.30 4 
B4 .90 0.00 0.90 3 
3-B BS .90 0.90 0.90 1 
B6 .90 0.90 0.30 2 
B6 090 0.90 '0.60 3 
B6 .90 0.90 0.90 1 
B7 .90 0.90 0.30 2 
B7 .90 0.90 0.60 1 
B7 .90 0.90 0.90 2 
B8 .90 0.90 0.60 1 
B8 .90 0.90 0.90 2 
B9 .90 0.90 0.30 3 
B9 .90 0.90 0.60 2 
B9 .90 0.90 0.90 3 
B10 090 0.90 0.30 3 
B10 .90 0.90 0.60 2 
BIO .90 0.90 0.90 1 
3-C BII .95 0.95 0.20 2 
BII .95 0.95 0.40 1 
B12 .95 0.95 0.20 4 
B12 .95 0.95 0.40 5 
Total number of specimens tested is 66. 
TABLE 6.2 
PHASE 3-A 
RESULTS OF SUSTAINED LOAD TESTS 
() = 0.90 
sus 
Test Series f Time Ratio, T Initial Strain Strain Caused-by Time Prior Reloading Strength 
Number cup Applied Prior EQ,l Applied "Loads to Reloading Ratio.;' (psi) to Reloading (in/in x 10-3) EQ,JG (hrs) a 
--3 cur 
an/in x 10 ) 
1 B1 3960 0.30 1.21 ,0.68 0.583 1.015 
2 B1 3960 0.30 1.22 0.69 0.738 1.108 
3 B2 4200 0.30 1.38 0.72 0.354 1.010 
4 B2 4200 0.30 1.38 0.72 0.290 1.012 
5 B3 4360 0.30 1.33 1.06 0.938 1.030 
6 B3 4360 0.30 1.31 1.07 0.875 1.031 
7 B4 4400 0.30 1.38 1.07 1.050 1.041 
8 B4 4400 0.30 1.38 0.94 0.663 1.041 
9 B4 4400 0.30 1.39 1.11 1.496 1.071 
10 B4 4400 0.30 1.38 1.13 1.805 1.101 
1 B4 3960 0.60 1.23 1.01 1.900 0.957 I-' lJl 
2 B2 4200 0.60 1.38 0.95 1.443 1.080 0 
3 B2 4200 0.60 1.38 0.95 0.338 0.950 
4 B3 4360 0.60 1.32 1.43 2.542 1.040 
5 B3 4360 0.60 1.31 1.44 2.082 1.032 
6 B3 4360 0.60 1.31 1.25 1.135 0.992 
1 B1 3960 0.90 1.22 1.43 1.850 1.032 
2 B2 4200 0.90 1.38" 1.14 0.437 0.970 
3 B2 4200 0.90 1.38 1.14 0.373 1.002 
4 B3 4360 0.90 1.31 1.44 1.269 0.970 
5 B3 4360 0.90 1.31 1.18 0.551 0.938 
6 B3 4360 0.90 1.31 1.38 1.280 0.971 
7 B4 4400 0.90 1.38 1.25 0.883 0.990 
8 B4 4400 0.90 1.38 1.38 0.841 0.966 
9 B4 4400 0.90 1.38 1.33 0.702 0.935 
TABLE 6.3 
PHASE 3....:A 
RESULTS _OF.STATISTICAL-ANALYSIS OF' SUSTAINED LOAD TESTS 
Data Time No. of Mean Max. Hin. 
Set 
1 
2 
3 
-* Ratio Tests x Value Value 
T of of 
(J 0-
cur cur 
(%) (%) 
0.30 10 1.046 11@.8 IOl~9 
0.60 6 1.009 10.8.0 95.0 
0.90 9 0.9749 10302 93 '-5~ 
* x: Reloading strength ratio, 0-
cur 
(J 0.90 
sus 
Var- Std. Probability 90% Probability Probability 
iance Dev. of Range Probaoility 
S2 S of Data Interval 
max to min max min that is that 'is 
(%) (%) 
11.438 3.38 82.64 110.16 99.04 ,x1>x2 95.34 xl>lOO 99.94 
-21.675 4.65 83.50 108.55 93.25 x2>x3 96.78 x2>100 67.36 
x2<100 32.64 
8.132 2.86 89.59 102.19 92.79 x3<100 99.6 
I-' 
lJl 
I-' 
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TABLE 6.4 
PHASE 3-B 
RESULTS OF REPEATED LOAD TESTS 
(j 0.90 R = 0.90 
max 
Test Series f Cycle Ratio Initial Strain Cycles Reloading 
No. cup Applied Prior Strain, Caused by Prior Strength (psi) to Reloading E£l Applied to Ratio;, 
(in/in x 10-~ Loads, Reloading (J N E cur 
££. -3 
(in/in x 10 ) 
1 B6 4560 0.30 1.13 .09 14 1.015 
2 B6 4560 0.30 1.09 .14 23 1.030 
3 B7 4170 0.30 1.31 .08 6 1.021 
4 B7 4170 0.30 1.31 :~ 09 6 1.046 
5 B9 3820 0.30 1.06 .25 21 1.078 
6 B9 3820 0.30 1.06 .. 28 35 1.112 
7 B9 ·3820 0.30 1.06 .27 25 1.084 
8 B10 4120 0.30 1.13 .15 6 1.021 
9 B10 4120 0.30 1.13 .14 11 1.032 
10 B10 4120 0.30 1.13 .21 17 1.060 
1 B6 4560 0.60 1.16 .55 90 1.032 
2 B6 4560 0.60 1.09 .17 30 1.028 
3 B6 4560 0.60 1.09 .26 22 0.960 
4 B7 4170 0.60 1.31 .19 7 0.976 
5 B8 4030 0.60 1.13 .34 11 0.965 
6 B9 3820 0.60 1.06 .38 20 0.995 
7 B9 3820 0.60 1.06 .46 50 1.047 
8 B10 4120 0.60 1.13 .31 12 0.966 
9 B10 4120 0.60 1.13 .34 11 0.950 
1 B5 3950 0.90 1.25 .69 35 0.925 
2 B6 4560 0.90 1.16 .48 46 0.998 
3 B7 4170 0.90 1.31 .49 16 0.9225 
4 B7 4170 0.90 1.31 .27 9 0.9188 
5 B8 4030 0.90 1.13 .13 3 0.915 
6 B8 4030 0.90 1.13 .59 18 0.935 
7 B9 3820 0.90 1.06 .64 47 0.960 
8 B9 3820 0.90· 1.06 .81 54 0.988 
9 B9 3820 0.90 1.06 .82 56 1.000 
10 B10 4120 0.90 1.16 .65 19 0.935 
TABLE 6.5 
PHASE 3-B 
RESULTS OF STATISTICAL ANALYSIS OF REPEATED LOAD TESTS 
a 0.90 R = 0.90 
max 
Data Cycle No. of Hean Hax Hin Var-~ Std. Probability 90% Probabi1i ty Probability 
Set Ratio Tests Value Value iance Dev. of Range of Probability 
-* of of s2 Data Interval that is that is N x (%) S 
a a max to min max min 
cur cur (%) (%) 
(%) (%) 
f--' 
lJl 
w 
- -1 0.30 10 105 111.2 101.5 9 .. 53 3.09 84.85 110.8 99.2 x1>x2 99· .. 99 x1>10'J 99.999 
2 0.60 9 99.1 104.70 95.0 11.52 3.395 83.65 104.7 93.5 x 2>x3 99.7 x2>100 21.19 
x2<100 78.81 
3 0.90 10 95.0 100 91.5 9.52 3.09 81.84 100.08 89.92 x3<100 99.999 
~~ x: Reloading strength ratio, a 
cur 
Test 
No. 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
Series 
Bll 
Bll 
B12 
B12 
B12 
B12 
Bll 
B12 
B12 
B12 
B12 
B12 
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TABLE 6.6 
PHASE 3-C 
RESULTS OF REPEATED LOAD TESTS 
o 0.95 
max 
f Cycle Initial 
cup ( ") Ratio,N Strain, 
PSl Ap~lied E£1 
4020 
4020 
3940 
3940 
3940 
3940 
4020 
3940 
3940 
3940 
3940 
3940 
Prlor to (o! /" 10-3-
" U.n lnx· -) Reloadlng 
0.20 
0.20 
0.20 
0.20 
0.20 
0.20 
0.40 
0.40 
0.40 
0.40 
0.40 
0.40 
1.31 
1.31 
1.25 
1.25 
1.25 
1.25 
1.31 
1.25 
1.25 
1.25 
1.25 
1.25 
R = 0.95 
Strain 
Caused 
by 
Applied 
Loads, 
E££ 
(in/inxl0-3) 
.11 
.06 
.08 . 
.09 
.10 
.09 
.21 
.24 
.13 
.13 
.23 
.13 
Cycles 
Prior to 
Reloading 
3 
3 
4 
3 
3 
3 
6 
8 
3 
3 
5 
3 
Reloading 
Strength 
Ratio .. 
o 
cur 
1.013 
1.030 
1.041 
0.995 
1.035 
1.001 
0.980 
0.975 
0.990 
0.975 
0.965 
0.953 
Data 
Set 
1 
2 
* x: 
TABLE 6.7 
PHASE 3-C 
RESULTS OF STATISTICAL ANALYSIS OF REPEATED LOAD TESTS 
o max 0.95 R == 0.95 
Cycle Number Mean, Max. Min. Var- Std. Probability Probability 
Ratio, of x*(%) Value Value iance dev. of Range of 
N Tests of of S2 data that is S 
o (%) 0 (%) max. to min. (%) cur cur 
0.40 6 101.9 104.1 99.5 3.0 1.73 90.7 x1>x2 99.99 
0.40 6 97.3 99.0 95.3 1.35 1.16 94.1 
Reloading strength ratio, 0 
cur 
Probability 
I-' 
In 
that In is 
(%) 
xl >100 99.65 
x2>100 99.99 
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TABLE 7.1 
PURE FATIGUE FAILURE CYCLES 
IT = 0.90 
max 
Designation Stress Stress Observed Constant, Pure Fatigue 
Rate Range, Failure K n Failure 
Ratio, * 
K~ Cycles, Cycles, 
ex 10-3) 
6 
6 R n n u 0 
First Model 15 0.10 16,000 2.280 >1.0 
n 15 0.50 4,900 2.040 0.666 14,671 
u 15 0.90 390 2.040 0.053 412 n - n 0 1-K ....:l!. 1 6 
Second Hodel 15 0.10 16~000 0.912 0.973 593,000 
n 15 0.50 4,900 0.816 0.267 6,685 
u 15 0.90 390 0.816 0.021 398 n = 
0 n 
u 1-:K2 -6-
Third Hodel 15 0.10 16,000 0.912 0.973 593,000 
n 15 0.50 4,900 1.960 0.641 13,600 
u 15 0.90 390 6.272 0.163 466 n 
0 1-K ~ 3 S 
* (5.8) . Read from average lines of Fig. 
TABLE 7.2 
CALCULATED FAILURE CYCLES 
0 = 0.90 
max 
First Hodel Second Model Third Model 
n no no 
R S 0 n n K1 S hue no K2 S nue no K3 S hue u 0 
0.10 0.15 210 593,000 360.2 593,000 3602 165 ~ 165 l.Tl 
'-..J 0.10 1.50 1900 593,000 360.2 1642 593,000 360.2 1642 
0.10 15.00 16000 593,000 360.2 1.6.000 593,000 36.02 16000 
0.50 0.15 125 14,671 199.5 73 6,685 36.37 179 13,600 177.89 76 
0.50 1.50 720 14,671 19.95 700 6,685 3.64 1441 ·13,600 17.89 724 
0.50 15.00 4900 14,671 1.995 4900 6,685 0.36 4900 13,600 1.78 4900 
0.90 0.15 28 412 5.61 62 398 2.17 126 446 19.48 23 
0.90 1.50 133 412 0.56 264 398 0.22 326 446 1.95 158 
0.90 15.00 390 412 0.056 390 398 0.02 390 446 0.2 390 
TABLE 7.3 
CALCULATED FAILURE STRAINS 
0 = 0.90 
max 
R S n n I 2 K 3 It t 4 5 6 
'ue 0 Etl EQ,n EQ,t 2 un ¢oo EQ,C EQ,UC EQ,u 
(mins) 
.10 0.15 165 593000 1.4 0 0.0053 5.86 5.86 4.18 
.10 1.50 1642 593000 1.4 0 0.0053 5.84 5.84 3.26 
.10 15.00 16000 593000 1.4 0.03 0.0053 5.69 5.69 3.26 
.50 0.15 76 "13600 1.4 0.01 0.0058 2.95 254 .099 0.63 3.58 3.26 
.50 1.50 724 13600 1.4 0.06 0.0058 2.81 242 .097 0.62 3.49 3.00 I-' 
\.Jl 
.50 15.00 490 13600 1.4 0.43 0.0058 1'.90 164 .080 0.51 2.84 2.98 00 
.90 0.15 23 446 1.4 0.06 0.0058 0.89 138 .079 0.41 1.36 3.12 
.90 1.50 158 446 1.4 0.42 0.0058 0.62 95 .063 0.34 1.37 2.60 
.90 15 .00 390 446 1.4 1.05 0.0058 0.15 24 .028 0.15 1.35 2.61 
1 Initial elastic strain 
n 
2 Cycle dependent strain, EQ, = EQ, . ue ~--~(EQ, . 1.20) 
nno no nJ 
3 Time dependent strain, EQ, = K . n /S t ue 
n F f 
4 lie a ~ 2 2' Creep strain E = - . - . . ¢ (0 - 0 . ) ---- (¢ = 8) 
'Q,e S a E 00 susmln 00 
5 Calculated failure strain, EQ, EQ,l + EQ,n + EQ,t + EQ,C ue 
6 Experimental failure strain 
.... 
..c. 
0' 
Q) 
3: 
~ 
m 
"C 
Q) 
c: 
0 
.... 
Q) 
a: 
.... 
c: 
Q) 
0 
~ 
Q) 
a.. 
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FIG. 3.1 
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FIG. 3.2 VIEW OF CONCRETE PRISM WITH ALUMINUM GAGE 
POINTS 
FIG. 3.3 VIEW OF CLIP GAUGES USED TO MEASURE THE 
LONGITUDINAL AND LATERAL STRAINS OF SPECIMENS 
TESTED IN PHASES ONE AND THREE 
FIG. 3.4 VIEW OF CLIP GAUGES MOUNTED ON A CONCRETE 
PRISM AND PLACED IN HYDRAULIC TESTING MACHINE 
FIG.3.5 VIEW OF TEST SET-UP FOR PHASE ONE AND 
PHASE THREE 
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FIG. 3.0 VIEW OF CONCRETE PRISM WITH BONDED SR-4 
GAUGES - PHASE TWO 
FIG.3.7 VEW OF TEST SET-UP FOR PHASE TWO 
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FIG. 4.9 MAXIMUM STRESS LEVEL-CYCLES TO FAILURE RELATIONSHIP FOR 
DIFFERENT STRESS RANGES: AGE AT LOADING: 28 DAYS 
I--' 
'-J 
I--' 
100,000 
a:: 
fa) 
0' 
c: 
c 
a:: 
(t) 
." 
fa) 
'-
-en 
1,00 
0.80 
0.60 
0.40 
0,20 
o 
I 
Phase One 
=0.85 
0 
0 0 
10 100 1000 10,000 
Average of eye las To Failure, "u (log seale) 
FIG. 4.10 STRESS RANGE -CYCLES TO FAILURE RELATIONSHIP FOR DIFFERENT 
LEVELS OF MAXIMUM STRESS: AGE AT LOADING: 28 DAYS 
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FIG. 4.12 LONGITUDINAL AND LATERAL STRAINS AT MAXIMUM STRESS AS FUNCTION 
OF NUMBER OF APPLIED CYCLES FOR DIFFERENT MAXIMUM STRESS 
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APPENDIX A 
STATISTICAL ANALYSIS 
The statistical analysis performed on the experimental data and 
reported in Tables (5. 7, 5.8, 5.9, 6.3, 6.s, 6.;7) 'had the, following obj ecti ves: 
a. To establish the probability level associated with the range 
of a data set of individual parameters. Examples are the 
different values of the reloading strength obtained at the 
same life ratio (Phas,e Three and the unequal cycles to 
failure for q. constant stress rate (Phase Two-).' 
b. To study the variation of the mean values as a function of 
selected parameters. Examples are the mean values of the 
reloading strength at the various life ratios (Phase Three) 
and the mean value of the cycles to failure at various 
stress rates (Phase Two) ~ If the mean values are af-
fected by the specific values of the parameters, then the 
data sets clearly describe different physical phenomena. 
A.l ,Probability of the Range of a Data Set 
It is assumed that the data points follow a normal distribution. 
A.I.I The mean value is defined as: 
1 
x = 
n 
where 
n number of observations for one parameter 
~ obtained data points 
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A.L2 Sample v,s.riance and standard deviations are: 
1/2 
[l n - 2 s = L (xk - x) ] n k=l 
and 
2 1 n - 2 
s L (xk - x) n k=l 
Thus, the probability level of the range of data set is determined 
as follows: 
let 
and 
x - x . 
mln 
s 
x - x 
max 
s 
where x and x. are maximum and minimum values of the observations. 
max IDln 
The corresponding probabi1ity.1evel was determined by entering 
the Z-va1ues into a normal distribution function table [Ref. 8, pp. 461J. 
A.2 Comparison of Mean Values 
If x. and x. are the mean values of two data sets determined at 
l J 
different values of a parameter it is required to determine the probability 
that 
Define: 
x. > X 
1. j 
E(x. ) 
l 
E(x 0) 
J 
the expected sample mean of x. 
l 
the expected sample mean of x. 
J 
and 
S (x.) 
~ 
S (i.) 
J 
Z x. 
~ 
samEle 
samEle 
x. 
J 
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standard deviation 
n. 
~ 
standard deviation 
n. 
J 
Assuming that x. and x. are both normally distributed, then Z 
~ J 
is also normally distributed with the following characteristics. 
and 
Expected Mean E(Z) E (x.) 
~ 
Standard deviation S(Z) 
E(x. ) 
J 
Hence, the probability that x. > x. can be stated as follows: 
~ J 
F(x. > xo) = P[Z > 0) 
~ J 
E (Z) . 
and is determined by entering the value of S(Z) ~n a normal distribution 
table. 
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APPENDIX B 
TYPICAL TEST DATA 
The appendix contains samples of typical data as obtained by tests. 
The following illustrations are included: 
a. Load-strain diagrams in both longitudinal and lateral 
directions as obtained in a typical static test, Fig. (B~l). 
b. Phase One: Test data of batch A20 are given. Data are for 
(J 
max 
0.95 and different stress ranges. Examples of load-
strain diagrams are given for longitudinal and lateral 
directions, Figs. (BI to B5). 
Co Phase Two: Typical testing speed test data for (Jmax = 0.90 
and R = 0.50; also included is the variation of load and 
strain with time as given by the closed loop hydraulic 
testing machine and the incorporated 8-channel recorder, 
Figs. (B6 and B7). 
d. Phase Three: Reloading strength tests, examples are given 
for specimens loaded at a life ratio of 0.30, 0.60 and 
0.90. These specimens were subjected to 0 = 0.90 and 
max 
R = Oi90 before loaded statically to failure, Figs. CB8 
to BIO). 
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